Mining Non-Redundanitligh Order Correlations in Binary Data

Xiang Zhang', Feng Pan', Wei Wang ', and Andrew Nobel 2
'Department of Computer Science, 2Department of Statistics and Operations Research
University of North Carolina at Chapel Hill
L{xiang, panfeng,weiwang}@cs.unc.edu, 2nobel@email.unc.edu

ABSTRACT relations among all features.
In this paper, we study the problem of finding higher order corre-

Many approaches have been proposed to find correlations in binary, . ; o - -
y app prop yIatlons in feature subspaces. Finding these high order correlations

data. Usually, these methods focus on pair-wise correlations. In bi- . ok o -
ology applications, it is important to find correlations that involve has_lmporta_nt appllt_:atlons such_as_ quantltatl_\/t_e trait locus .(QTL)
more than just two features. Moreover, a set of strongly correlated f!ndlng [15.] In genetics. In QTL f|nq|ng, geneticists want to |den-.
features should be non-redundant in the sense that the correlationt'fy_genomlc regions that are assoc_lated with a ph_enotype (or trait)
is strongonly when allthe interacting features are considered to- ©f Interest by using single nucleotide polymorphism (SNP) data.
gether. Removing any feature will greatly reduce the correlation. Each SNP can be treated as a b_|nar_y fea_ture. Itis well know_n that
In this paper, we explore the problem of finding non-redundant many_dlsea_lses are complex traits, irayltiple genes (SNP.S) n-

high order correlations in binary data. The high order correlations {€racting with each otheto control the expression of the disease.
are formalized using multi-information, a generalization of pair- Each disease SNP may only have weak correlation with the disease

wise mutual information. To reduce the redundancy, we require any t[]a'f[' Howlfevgr, Whﬁnhthgse dlseasg bS NPs are combined tFo_gzyher,
subset of a strongly correlated feature subset to be weakly corre-telr correlation with the disease trait becomes very strong. Finding

lated. Such feature subsets are referred to as Non-redundant Inter_-multiple SNPs showing strong correlation with phenotype variation

acting Feature Subsets (NIFS). Finding all NIFSs is computation- ' l"in acti\k/]e anbd growin? research area in genetics [2, 32].  the d
ally challenging, because in addition to enumerating feature combi- . rom the above app |cat|c_)n, we can see .tWO. aspects of the de-
nations, we also need to check all their subsets for redundancy. WeSired correlation patterns. First, the correlation involves more than
study several properties of NIFSs and show that these properties ardWo feat;Jres. Sec_cl)lnd, th? co:jrelatlc;]n IS nonl-re_dundant, \.€., remov-
useful in developing efficient algorithms. We further develop two M9 81 eature will greatly reduce t, e correiation. . .

sets of upper and lower bounds on the correlations, which can be 10 make the scenario clearer, let's consider the following simple
incorporated in the algorithm to prune the search space. A simple ?amp(ljg. Suppg;él; Y ?ﬂqd Zhare blnalry f((ajgtures, wh_e[E r?_nﬂ .
and effective pruning strategy based on pair-wise mutual informa- * @€ ) |3e§se dS’ a 'Sht e ;omp ex |sedase trait, (;N Icnis
tion is also developed to further prune the search space. The effi-controlled by.X and” together. Suppos&” andY” are indepen-

ciency and effectiveness of our approach are demonstrated throughdem’ andz = X & Y, whereg denotes exclusive-or (X.OR) op-
extensive experiments on synthetic and real-life datasets. eration. CIe_arIy,{X, Y, Z} together h_ave strong cor_relatlon, since
when combined togetheX andY uniquely determineZ. How-

ever, for each pair of the featuregX, 7}, {Y, Z}, and{X, Y},
1. INTRODUCTION there is no correlation. From this example, we can see that the high
Finding correlations in high-dimensional binary data has attractedorder correlation pattern cannot be identified by only examining the
much research interest in recent years. Various approaches havéair-wise correlations.
been developed, including correlation pattern mining [26, 16, 13],  Besides the application in genetics, the importance of exploring
feature selection [6, 27], finding correlated item pairs [35], and high order correlations among features has also been demonstrated
others. (See Section 2 for a more detailed discussion on relatedin [10, 36]. In [10], a statistic based on Kullback-Leibler diver-
work.) Although often successful in different applications, these gence [3] is proposed to assess the significance of feature interac-
methods usually focus on pair-wise correlations between features.tions. The multi-way correlations exist in many real-life datasets.
Some commonly used pair-wise correlation measurements are mu-n [36], the authors develop a feature selection method that takes
tual information [3], all confidence [26], Pearson correlation [28] the interactions among features into consideration, and demonstrate
and so on. Methods such as neural networks [23] and multinomial that the resulting features achieve higher classification accuracy
mixture model [19] have been developed to capture the global cor- than features selected without considering such interactions.
We now look at another example where strong correlation exists
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Figure 1: An example dataset

i.e., the relative entropy reduction 6fs given X, or X, alone is
small. However, the relative entropy reduction§ given both

X1 and X, is much higher/ (X3; X1, X2) = 81.59%. Therefore,

X, and X jointly reduce the uncertainty aKs more than they

do separately. This strong correlation exists only when these three
features are considered together.

Scope and contributions: In this paper, we study the problem
of finding non-redundant high order correlations in binary data. We

the correlations between attributes by pairwise mutual information,
measurements based on support, or other statistics, such as Pear-
son correlation. The problem of finding strongly correlated item
pairs is studied in [35]. This method is designed for finding pair-
wise correlations,which is a special case of the problem studied in
this paper. In [9, 14], the authors investigate the problem of finding
itemsets having high or low entropy, which is different from finding
non-redundant interacting features subsets.

Capturing global correlation ~ Many methods have been pro-
posed to capture the global correlations among all the features, such
as principal component analysis (PCA) [11], neural networks [23],
and multinomial mixture model [19]. These methods have been
widely used and shown effective in various applications. However,
these methods are designed to capture the correlations in the full
feature space. Our work in this paper, on the other hand, focuses
on finding the high order correlations hidden in feature subsets.

Feature selection Feature selection methods [18, 6, 27, 36]
try to find a subset of features that are most relevant for a certain
data mining task, such as classification. The selected feature subset
usually contains the features that have low correlation with each
other but have strong correlation with the target feature. Meth-
ods exploiting mutual information between pairs of binary features
are studied in [6, 27]. In [27], the authors propose to use Max-
Relevance and Min-Redundancy (mMRMR) as the criteria for feature
selection. The goal is to select non-redundant features that are most
relevant to the dependent feature. However, the model of MRMR is
still based on the mutual information between a pair of features and
does not generalize to higher order correlations. In [36], a feature
selection method utilizing interactions among features is proposed.
This method performs a single pass backward elimination to find a
best feature subset that predicts the class labels well. Our focus in

formalize these correlation patterns as Non-redundant Interactingthis paper, however, is to find all non-redundant interacting feature
Feature Subsets (NIFSs). In particular, we use an entropy basedspsets.

correlation measurement, multi-information [34], to measure the

Statistical significance of feature interactions In [10], the

high order correlation among a set of features. An NIFS is a subset gthors propose a Kullback-Leibler (KL) divergence [3] based sta-

of features satisfying the following two criteria. First, the features
in an NIFS together has high multi-information. Second, all subsets
of an NIFS have low multi-information.

Since the NIFSs satisfy two criteria, the computational challenge
of finding them is also two-folds. First, we need to enumerate fea-

tistic to measure the interactions among a set of features. The
basic idea is as follows. Given a subset of features, Bayse

KL divergence as a statistic to measure the difference between (1)
the observed joint probability distribution df and (2) an esti-
mated joint probability distribution derived from pair-wise approx-

ture combinations to find the feature subsets that have high corre-imations. The Kirkwood superposition approximation is suggested
lation. Second, for each such feature subset, we need to check alin the paper as the estimated distribution. For example, an ap-

its subsets to make sure there is no redundancy.

proximationpx (A, B, C) to the joint probability density function

We study the properties of NIFSs and show that they can be used), (A, B, C) is

in developing efficient algorithms. In particular, we show that any
superset of an NIFS cannot be an NIFS. This allows us to prune

the search space whenever an NIFS is found. We develop two sets

of upper and lower bounds on the correlation of an NIFS. One is
based on Han'’s inequality [8], and the other is based on Hamming
distances between the features. These bounds can be easily inco
porated in the algorithm to improve the efficiency. Finally, we de-
velop a pruning strategy based on mutual information, which en-
ables the algorithm to further prune the search space.

We apply our approach to both synthetic and real-life datasets.
The significance of identified patterns is carefully examined using
various approaches.

2. RELATED WORK

There has been a significant amount of work in finding correla-
tions in binary data.

Correlation pattern mining  Correlation pattern mining [26,
16, 13] is an extensively studied area in data mining. The algo-
rithms developed for correlation pattern mining typically measure
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p(a, b)p(a, c)p(b, c)
p(a)p(b)p(c)

Onethen calculates the P-value of the resulting KL divergence us-

pPr(a,b,c) ~ = p(a|b)p(blc)p(cla).

jng a chi-square test, or a bootstrap based percentile. If the P-value

is small, it indicates that there are interactions among featurgs in

It has been shown that such interactions exist in many real datasets.
In [10], besides the suggested statistic, no algorithm is presented to
find the these patterns.

Dimension reduction  Principal component analysis (PCA)
and singular value decomposition (SVD) [11] are well known di-
mension reduction methods for real-value data. Some research has
been done in designing dimension reduction methods specifically
for binary data [7, 22, 24]. Similar to PCA and SVD, these methods
focus on finding a set of new features that approximate the original
data, but do not consider the problem of finding multiple sets of
interacting features. In [33], a method based on fractal dimension
is proposed to estimate the intrinsic dimensionality of binary data
without actually finding the representative features.



Clustering  Clusteringmethods designed for binary data [5, and{X7, Xs, X9, X10} are SFSs, since their multi-information is
17] partition the data points or features into groups based on pair- greater than3, withC (X1, X2, X3) = 0.82, C(X1, X2, X3, Xs) =
wise similarities. These methods can identify groups of features 0.97, andC (X7, Xs, X9, X10) = 1.15. Onthe other hand{ X1, X}
with strong pairwise correlations, but are not adapted to higher or- and{X~, Xs, Xo} are WFSs, since their multi-information is smaller

der interactions.

3. PRELIMINARIES

Many statistical measures have been proposed in the data min-{
ing literature for measuring pair-wise correlations, such as Pearson

correlation, Spearman correlatiog?’ statistics etc [21]. Although

thana, with C(Xl,XQ) =0.03 andC(X7,X8,X9) =0.15.

In the example above, althoudhX, X2, X3, X6} is an SFS,
its subse{ X1, X, X3} is also an SFS. Therefore, the collection
X1, X2, X3, X6} Is not parsimonious, since one of its subsets has
already shown strong correlation. In order to remove redundancy
from interacting feature subsets, we require that any subset of an

these measurements are widely used in different applications, theyN”:S is weakly correlated

are not specifically designed for capturing higher order correlations
among a set of features.

The concept of multi-information was first discussed in detail in
[34], though it had been described earlier in [20].

DEeFINITION 1. Themulti-information of a set of features
{X1, Xo, -, X, } is defined as

O(XlaXQa"' 7Xn) = ZH(X’L) 7H(X17X27"' 7Xn)7
=1

whereH (X;) is the entropy ofX;.

A multivariate correlation model based on multi-information al-
lows exploration of bivariate as well as and higher order corre-
lations. The multi-information measure is specifically designed
for modelling the feature interactions and has rigorous theoretical

DEFINITION 4. Asubsetof featurelsX1, Xo, -+, X, } isNon-
redundant Interacting Feature Subset (NIFS)if the following
two criteria are satisfied:

1) {X1, X2, -, X,}isan SFS; and

(2) every proper subset’ C {X1, Xo,---, X,,} isa WFS.

ExamPLE 4.2. Consider the dataset shown in Figure 1.
{X1,X2, X3} is an NIFS, since{ X1, X», X3} is an SFS, with
C(X1, X2, X3) = 0.82, and all its subsets are WFS&!( X1, X») =
0.03, C(X1,X3) = 0.22,and C(X2,X3) = 0.22. Similarly,
C(X7, Xs, X9, X10) is an NIFS, since it is an SFS, and all its
subsets are WFSs.

Overall goal: Given a binary data set and parameters o <

backgrounds. It has been widely used in many domains, such as? find all NIFSs.

biology and physics [31]. Note that the pairwise mutual informa-
tion is a special case of multi-information, with = 2. Multi-
information is always non-negative and equal to zero only when
Xi,...,X, are independent. See [34] for more details.

4. PROBLEM FORMALIZATION

In this section, we formalize the concept of a non-redundant in-
teracting feature subset (NIFS) using multi-information. An NIFS
is a subset of features that have high multi-information when and

only when all features in the subset are considered together. After

defining NIFSs, we study several properties that can be utilized to
design efficient algorithms.

4.1 Definitions

We first define strongly and weakly correlated feature subsets.
The definition of NIFS is based on these two concepts. A set
of features is strongly correlated if the multi-information is above
some user specified threshold. It is weakly correlated if its multi-
information is lower than a user-specified threshold.

DEFINITION 2. Asetoffeature$ X, Xo, -+, Xy} isstrongly
correlatedif C'(X1, X2, -+ ,Xn) > B, whereg > 0 is a user-
defined threshold. In this cas§ X, X2, - -, X,} is called a

Strong-correlated Feature Subset (SFS)

DerINITION 3. Asetof feature§ X1, Xo, -+, X, } isweakly
correlatedif C (X1, X2, -+ ,Xn) < a.where0 < a < fisa
user-defined parameter. In this cageY., X2, -+, X, } is called

a Weak-correlated Feature Subset (WFS)

Larger corresponds to higher correlation and smallezorre-
sponds to weaker correlation.

ExAMPLE 4.1. Consider the dataset in Figure 1. Let =
0.25 andB = 0.8. We have{Xl,X27X3}, {X17X27X37X6}
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To find the NIFSs in a dataset, we generate candidate feature sub-
sets by enumerating combinations of the features. In order to verify
if a candidate feature subset is an NIFS, in addition to comput-
ing its own multi-information, we also need to compute the multi-
information for its subsets to make sure that they are WFSs. In the
next section, we establish some properties of NIFSs that can greatly
reduce the computational complexity.

4.2 Properties related to NIFSs

In this subsection, we exploit some general properties of NIFSs
that can be used for the designing of efficient algorithms.

PROPERTY 4.3. (Downward closure property of WFBH fea-
ture subsef X1, Xo,--- , X,,} is a WFS, then all its subsets are
WESs.

PrROOF It suffices to prove that i X, Xs,--- , X,,} isaWFS,

then{ X1, X»,---, X,_1}is also a WFS. Note that
C(X1, X2, , Xn) —C(X1, X2, , Xn-1)
:H(Xn) _H(le"' 7Xn)+H(X17"' 7Xn—1)

=—H(X1, , Xna|Xn)+ H( X1, -, Xn 1)
:I(X17X27"' 7Xn71§Xn) 2 0

Thus, ifC(X1, X2, -+ , X») < a, then have
C(X17X27--~ ,anl) S Q.

Therefore{ X1, X5, -+, X,,_1} isalso a WFS. [J

The significance of Property 4.3 is following. For a candidate
feature subset, in order to justify the second criterion of Defini-
tion 4, we need to check all its subsets. Given a feature subset
X = {X1,Xo, -+, Xy}, there are™ distinct subsets. Property
4.3 tells us that we only need to compute the multi-information of
the subsets(’ of X with (n — 1) features. This is because X’
is a WFS, then all its subsets are WFSs. This greatly reduces the
complexity of the problem. Among th&' subsets ofX, there are
only n subsets of sizén — 1).



{} DEFINITION 5. Let {X1,X,,---, X,,} be a set of features,
and for everyS C {1,2,---,n}, denote byX(S) the subset

Xp X Xz ... X11 {X; :i e S} Letn” = % > w Thush(™
/ (k) S:|S|=k
is the average entropy in bits per symbol of a randomly dréwn
XiXp XXz . %’Q element subset ¢fX1, X2, -+, X, }.
The following result of Han [8] says that the average entro
XXX e XX e g [8] say: g py

decreases monotonically as the size of the subset increases.

THEOREM 5.1. hﬁ") > h§"> >...>p.

Applying Han’s inequity, we can get the following two proposi-
........................ tions. Propositions 5.2 and 5.3 give lower and upper bounds on the
multi-information of a candidate feature set in terms of the pair-
Figure 2: Enumerating candidate NIFSs wise multi-information (i.e., mutual information) of its members.
The proofs are omitted due to space limitation.

NIFSs do not satisfy upward or downward closure property. How- PROPOSITION 5.2.
ever, it has an interesting property that can help to prune the search 1

space. That s, if a feature subset is an NIFS, then all its supersets C(X1, Xz, Xn) 2 n—1 Z C(X:X;).
are not NIFSs. <
PROPOSITION 5.3.

PROPERTY 4.4. LetX = {X1, Xo,---, X} bean NIFS. Any "
Y D X is notan NIFS. C(Xi, -+, Xp) <D H(X) - mjx{H(Xi,Xj)}.

PROOF. SinceX is an NIFS, we hav€'(X) > 3 > a. Thus, =1 i
for any superset” of X, 3X C Y/, such thatX is nota WFS. Thus Propositions 5.2 and 5.3 are refereed to as pairwise correlation
the second criterion of Definition 4 is not satisfied. Thereforis propositions, since these bounds depend on the pairwise correla-
notan NIFS. [ tions between the features in the candidate.

Property4.4 offers the possibility of developing efficient algo- g BOUNDS BASED ON HAMMING DIS-

rithms for finding NIFSs. If the algorithm finds an NIFS, then its TANCES
subtree in the search space can be safely pruned without any further
examination. In this section we investigate the effect of adding or replacing a

feature on the multi-information of a candidate feature subset. In
EXAMPLE 4.5. Consider the dataset shown in Figure 1. Figure each case, we obtain upper and lower bounds on the change in the
2 shows the search space for finding NIFSs based on the genericmu|ti-inf0rmaﬂ0n in terms of Hamming distance between features.
set-enumeration tree search framework [30]. Once an NIFS is As in the previous section, the bounds obtained in this section are
found by the algorithm, sa§X1, Xo, X3}, then its subtree can used to provide a pruning scheme for the algorithm. We call the re-

be pruned as shown in the figure. sult of Section 6.1 thadding proposition and the result of Section
6.2 thereplacing propositiorrespectively.
For each candidate feature subset, we need to verify both criteria  Let X = {X1, X»,---, X,,} be a node (candidate feature sub-

in Definition 4. In Section 5, using Han's inequality [8], we develop  Set) in the search space of NIFSs. The multi-informatiorXofan

upper and lower bounds that can be used to estimate the multi-be used to estimate the multi-information of two kinds of candidate
information of a candidate before actually calculating it. In Section feature subsets. The first af¢’ = {X1, X3, -+, Xpn, Xnt1},

6, we further develop upper and lower bounds of multi-information i.€., the child nodes o’ in the search space. These are candi-
for a candidate feature subset based on the multi-information of dates thatinclude exactly one more feature thanthe second are

its parent and sibling nodes in the search space. In Section 7, weX” = {X1, X2, , Xn—1, Xn41}, i, the sibling nodes ok
present a pruning strategy based on the mutual information betweenin the search space. These are candidates that replace one feature

pairwise features. The overall algorithm is described in Section 8. in X by a new feature. Below we show that the multi-information
of X’ is bounded by a function of the Hamming distance between

the newly added feature and featuresin Likewise, the multi-
5. BOUNDS BASED ON PAIRWISE COR- information of X" is bounded by a function of the Hamming dis-
RELATIONS tance between the new feature and the feature being replaced in
In this section, we investigate upper and lower bounds on the X- ) ) )
multi-information of a candidate feature subset. The bounds in- Let K be the number of instances (data points) in the dataset.
volve the pair-wise correlations (mutual informations) of the fea- |n what follows, definef (k) = L3 log 5 with 0 < k < K and
tures in the candidate, and are derived from existing inequalities define £(0) to be 0. Propositions 6.1 and 6.2 are the basis for the

in the information theory literature. These bounds are used in the L . . -
i X . . bounds developed in this section. Their proofs are omitted here.
algorithm to provide a range of values of the multi-information of

a candidate without computing the multi-information directly. We PROPOSITION 6.1. For 1 < ¢ < k < K, we have

refer to the bounds developed in this sectiorpaswise correla-
tion propositions —f(K —¢) < f(k) = f(k—c) < f(o).
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ProPOSITION 6.2. For1 < k£ < K, we have

FR) + fIK — k) <K(f(1) + f(K -
6.1 Adding a new feature

Suppose thaf X1, X», - - - , X, } is the current candidate feature
subset, and\C' = C(X1, -+, Xn, Xng1) — C(X1, -+ , Xn).
We develop bounds foAC, beginning with Proposition 6.3 and
it's generalization in Proposition 6.4.

1)).

PrROPOSITION 6.3. Let X1 and X be two features in the dataset.
If the Hamming distance betweéh and X5 is d, then

0 < H(X1,X2) — H(X1) <d(f(1) + f(K —1)).
PROOF. Let
A" = —ps,(0) log pz, (0),
B’ = —pa, (1) logpa, (1),
A= —Pri2,(0,0) 108 pzy2,(0,0),
B = —paya,(1,1) log peay (1, 1),
C = —pay2,(1,0)10g Pz, (1,0),
D = —pz,2,(0,1)10g pzy2,(0,1).
Then, H(X:) = A’ + B, andH(X1,X2) = A+ B+ C +

D. ltis easy to see that;, (0) = pz,2,(0,0) + pz,2,(0,1), and
Pay (1) = Pryas (1,0) + Payzy (1,1).
Suppose thap,, (0) = ¢/K, andps,+,(0,1) = s/K. Then,
Dar25(0,0) = (¢t — s)/K and we have
A+D— A = f(s) — (f(t) — f(t ).
According to Proposition 6.1,
0<A+D— A < f(s) + f(K — s).
Similarly, suppose., (1) = u/K, andpz, +,(1,0) = v/K. Then
Pzies(1,1) = (u —v)/K and we have
0<B+C—-DB < fv)+ f(K —v).
Moreover, Proposition 6.2 implies that
f(k) + f(K = k) < k(f(1) + f(K -
and therefore,
H(X1,X2) = H(Xy1) < (s +0)(f(1) + f(K = 1)).
Since there ard different positions betweeX; and X,, we have
s + v = d and the proof is complete.[]

1)

The following generalization is easy to derive and its proof is
therefore omitted.

PROPOSITION 6.4. Let
AH=H(X1,  ,Xn, Xn+1) — H(X1, -+, Xn).

If the minimum Hamming distance betwe&n; and X; (1 <
i < n)isd, then

0<AH <d(f(1) + f(K —1)).

From Proposition 6.4, it is easy to derive upper and lower bounds
onAC.

PROPOSITION 6.5. (Adding Proposition.et
AC = C(X17 e ,Xn7Xn+1) - C(X17 e 7Xn)

If the minimum Hamming distance betwe&n; and X; (1 <
i < n)isd, then

H(Xnt1) -

d(f(1) + f(K — 1)) < AC < H(Xni1).

6.2 Replacing a feature

Suppose that the current candidate feature subset is
{X1,Xa, -+ ,Xn}. In this section, we develop the bounds of
multi-information for its sibling nodes in the search space, i.e., for
Candidate{Xl, Xo, -0, Xn—1, Xn+1}.

In Propositions 6.6 and 6.7, we establish bounds on the change in
joint entropy when replacing a feature in the candidate set by a new
one. Bounds on multi-information are established in Proposition
6.8. In this subsection, we ugeH denote the entropy difference,
ie.,

AH = H(Xl, e 7Xn) - H(X17 e 7X'VL—17X’"+1)'
PROPOSITION 6.6. If the Hamming distance betweg, +; and

X, is 1, then
|[AH| < f(1)+ f(K —1).

The proof of Proposition 6.6 is similar to that of Proposition 6.3
and thus omitted. Proposition 6.6 can easily be generalized to yield
the following proposition, whose proof is omitted.

PROPOSITION 6.7. If the Hamming distance betweg, +; and
X, isd, then

|AH| <d(f(1) + f(K = 1)).

From Proposition 6.7, it is easy to obtain boundsAar'.

PROPOSITION 6.8. (Replacing Propositiorbet
Hs = H(Xnt1) — H(Xn),

AC =C(Xq,---
If the Hamming distance betweéf, +; and X, is d, then

Hs —d(f(1) + f(K —1)) < AC < Hs +d(f(1) + f(K — 1)).

The bounds in Proposition 6.8 can be used to estimate the multi-
information of sibling nodes of a candidate feature subset using
the Hamming distances between the new features and the features
being replaced.

As a brief summary of this section, Propositions 6.5 and 6.8 es-
tablish theoretic bounds on the multi-information for the child and
sibling nodes of a candidate feature subset based on the Hamming
distance between features. These two propositions are referred to
as adding proposition and replacing proposition respectively.

,Xn) - C(Xla e 7Xn—17Xn+1)-

7. PRUNING CANDIDATES BY MUTUAL

INFORMATION

In Section 5, it is shown that the mutual information between fea-
ture pairs can be used to bound the multi-information of candidate
feature subsets. In this section, we show that mutual information
can also be used as a pruning strategy in the process of enumerating
of candidate feature subsets.

The basic idea is simple. Suppose that the mutual information
between two feature§X;, X; } is greater tham, i.e., {X;, X;} is
not a WFS. Then due to the downward closure property (Property
4.3) of WFSs, any superset 6§, X; } cannot be an NIFS, since
it has a subsefX;, X } thatis not a WFS. Therefore, all supersets

The bounds provided in Proposition 6.5 can be used to estimateof { X;, X;} can be safely pruned.

the multi-information of the child nodes of a candidate feature sub-

set based on the Hamming distances between the features in the ExAMPLE 7.1. Consider the example dataset shown in Figure

candidate and the newly added features.
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X1 | Xo | Xg | Xqa | X5 | X6 | X7 | Xs | Xo | Xi0 | X11
0 0 | Xae | Xs| Xz [ X0 0 0 0| X5 | X5
X5 Xio0 X6 | X10

X111 X11

Table 1: Feature pairs with mutual information larger than «

Algorithm 1: Finding NIFSs

Input: binary dataseD, thresholdsx andg3
Output: all NIFSs inD.

1 calculate the mutual information and Hamming distances
between each pair of featuresiin

2 for each nodd/ at the first level of the search spade

3 | Explore();

lower bound upper bound 4
|

end

@ T T ‘
a B

lower bound upper bound
|

Procedure Explore

() T ‘ T

a B
lower bound upper bound 1
® 1l 2
a B 3
4
lower bound upper bound
@ ‘ = ‘ 5
a B 6
7
lower bound upper bound
5 I ‘ | ‘ 8
a B 9
10
lower bound upper bound

® | ‘ | 11
a c] 12
. . . -y 13
Figure 3: The possible relative positions of upper bound, lower 14
bound, o, and 3 15
16
. . 17
[ = 0.8. Table 1 shows the feature pairs whose mutual infor- 8
mation is larger thanw. For each featureX; in the dataset, the 10

features having strong mutual information wikh are listed in the
corresponding columns. For examplé, and X5 both have strong 0
mutual information withXs, i.e., { X3, X4} and{ X3, X5} are not 1
22

WEFSs. Then in the search space, any node contaifiig X4} or
{X3, X5} can be pruned. This also applies to other feature pairs 23
in the table. Some candidates that can be pruned using this strateg)%24
are shown in the Figure 2.

26

8. THE ALGORITHM -,

In this section, we present the overall algorithm. In Section 5
and Section 6, we have established upper and lower bounds on th
multi-information of a feature set based on mutual informations and
Hamming distances. Before calculating the multi-information of a
node in the search space, we first check its upper and lower bound
The pairwise correlation propositions (Propositions 5.2 and 5.3)
can be applied whenever the algorithm examines a new node. Th
adding proposition (Proposition 6.5) can be applied to the child 35
nodes of a candidate feature subset and the replacing proposmon
(Proposition 6.8) can be applied to the siblings.

There are six possible relative positions of the upper and lower3’

bounds with respect ta and 3, shown in Figure 3. We now ex- 38

Input: current candidate feature sub%ét

if a pair of features i have high mutual informatiothen
\ return;//pruning strategy in Section 7
end
updateub(V') andlb(V') by replacing proposition;
updateub(V) andib(V') by pairwise correlation proposition;
if 1b(V) > a then
if (b(V') > Bthen
if criterion 2 of Definition 4 is satisfiethen
| outputV;

end
else
if ub(V) > B then

calculateC'(V);

if C(V) > gthen

if criterion 2 is satisfiedhen
| outputV;
end

end
end
end
return;
else
if ub(V) < athen
for each child nodéJ of V do
updateub(U) andlb(U), by the adding
proposition;
Explore(V);

end

else

calculateC'(V);

if C(V) > pthen
| gotoline 15;

else

if C(V) < athen
| gotoline 24;

end

end
end

end

amine these possibilities and how the algorithm uses the upper and
lower bounds to effectively explore the search space.

Suppose that the current candidate feature subset is
V = (Xa, Xa+1, -+ , X»). Denote the upper and lower bounds of
the multi-information ofV” by ub(V') andib(V') respectively.

we can check whether the second criterion of Definition 4 is
satisfied, i.e., whether all subsetslobof size(b—a — 1) are
WEFSs. If the second criterion is satisfied tHéns reported
as an NIFS. In case (2) we need to calcutaf®”) and check
criterion 2. For case (3), since the upper boundl’) < g,

we haveC (V') < 3 and thereford/ is not an NIFS.

(a) If the lower bound ofV, Ib(V') > «, then the subtree df can
be pruned since any nodg&in the subtree containing as its
subset is not a WFS. This situation corresponds to cases (1) -

(3) in Figure 3. Ifib(V') > 3 (case (1)), thed' (V) > 5 and (b) If the upper boundib(V') < « (case (4)), then there is no need

1183



to calculateC' (V') and we can directly proceed to its subtree. points (rows). The reason is that the overhead of computing multi-
The pairwise correlation proposition and adding proposition information for a candidate feature subset is roughly linear to the
can be applied to get upper and lower bounds on the multi- number of data points. Figure 4(c) and Figure 4(d) show the run-

information for each direct child node &f. time when varyinga and 3. We observe that the effect of both
) parameters on the runtime is close to linear.
(c) If ib(V) < a andub(V) > o then we are in cases (5) and Figure 5(a) and 5(b) examine the effectiveness of the pruning

(6) and must calculate’(V). If C(V) < «, then we can  strategies. The effects of pruning using the upper and lower bounds
proceed to its subtree and apply the pairwise proposition and discussed in Section 5 and Section 6 are shown in Figure 5(a). (The
the adding proposition to get the bounds for the child nodes pruning method discussed in Section 7 is not considered in this fig-

of V. If a < C(V) < B, then its subtree is pruned. If  yre.) We observe that the bounds based on Hamming distances are
C(V) > B, and criterion 2 is satisfied, thér is output as more effective than the bounds developed using Han’s inequality.
an NIFS. The subtree is then pruned. This is because the bounds based on Han’s inequality only consider
. . . . . the entropy of individual features and feature pairs. One the other

(d) The algorithm is performed in depth-first recursion. Whenever panq  the hounds based on Hamming distances take the distance

the algorithm finishes examining the current nddend |,ts relationship between the features into consideration, and are based
subtree, it proceeds to one bfs siblings, denoted by’ on the joint entropy of a set of features. Hence, they provide bet-
The replacing proposition can be _applleld to get upper and (e pruning effects. Figure 5(b) shows the results of applying the
lower bounds on the multi-information &f". pruning strategy based on mutual information presented in Section

7. Clearly, this strategy provides further effective pruning of the

The overall algorithm for finding NIFS given in Algorithm 1 and  ¢o4,ch space.

Procedure Explore. In Procedure Explore, through Line 1 to 3, the
algorithm applies the pruning strategy described in Section 7 be- 9.,1.2 Tuning the parameters
fore performing any multi-information calculation. The remaining

part of the procedure utilizes the bounds developed in Section 5 and

Section 6 to prune the search space. Note that for the first node be-
ing searched, its upper bound is some random initial value greater
than 3 and its lower bound is some random initial value smaller
thana.

Note that in the worse case scenario, the algorithm has to enu-
merate all feature combinations, that is, the size of the search space
is exponential with respect to the number of features. In Section
9, the experimental results show that our algorithm scales quadrat- (a)size 3 (b) Difference
icly with respect to the number of features, which demonstrate the
effectiveness of the pruning methods discussed before. Moreover,
the algorithm scales linearly to the number of observations (data

points) in the datasets, since the multi-information of a feature sub- ] o
set can be calculated by scanning all data points once. Here we present a simple heuristic that can be used to select the

parameter values of the algorithm. Based on the experiments, most
of NIFSs discovered by our algorithm are of size 3. Accordingly,
9. EXPERIMENTS we explored the distribution of the multi-information of feature sets
We use both synthetic and real-life datasets to evaluate our ap-of size 3, and the distribution of the (minimum) difference between
proach for finding NIFSs. The algorithm is implemented using the multi information of a feature set of size 3 and its size 2 subsets.
Matlab 7.0.4. The experiments are performed on a 2.4 GHz PC |n each case, the distributions are estimated by randomly selecting
with 1G of memory running the Windows XP operating system. 3 features from the available data 10,000 times. The resulting cu-
.. . mulative distribution functions (CDFs) are shown in Figures 6(a)
9.1 Efficiency evaluation and 6(b). Based on these CDFs, we suggest setting the value of
To evaluate the efficiency of the algorithm, we use a binary SNP 3 so that30% — 50% sampled patterns have multi-information
data set derived from 37 strains of BXD mice. The data is available greater than3. The valuea can be set so that ti&% — 50%
from the following website: http://www.broad.mit.edu. A SNP isa of the sampled patterns have multi-information difference greater
DNA sequence variation occurring when a single nucleotide in the than(s — «).
genome differs between members of a species. SNP data associated The same procedure can be used with feature sets larger than 3.
with inbred mice are usually binary. We apply our algorithm to 100 Note that whenever the users are interested in NIFSs with stronger

>
8
=
@
<4
>

a

1

02 04 06 08 1 12 14 16 0.2 0.4 06 0.8
Multi-information of sets of 3 features Difference of multi-information

Figure 6: Cumulative distributions of multi-information

randomly chosen SNPs from the dataset. correlations, the parameters should take higher values.
9.1.1 Runtime analysis 9.2 Effectiveness evaluation
The default setting for efficiency evaluation is as follows. The We use both synthetic and real-life datasets to examine the effec-
number of features (SNPs) is 90, the number of rows isc33; tiveness of our method.
0.2, andg = 0.8. When varying one of the parameters, the other .
ones take the default values. 9.2.1 Finding embedded patterns

Figure 4(a) shows that the runtime of our algorithm is approx-  We generate a synthetic dataset of 150 points and 15 features in
imately quadratic to the number of features in the dataset. This the following way. The dataset is first populated with randomly
demonstrates the effectiveness of the pruning methods, as the pogenerated 0’s and 1's (fair coin flips) for each one of the 15 fea-
tential search space is exponential to the number of features. Fig-tures. Then we embed three patterns into the dataset. The embed-
ure 4(b) shows that the runtime is linear to the number of data ded patterns ar&1p = X5 ® Xi5, Xo = (X4 @ Xs) @ Xus,
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Figure 5: Pruning effects

and X3 = (X ® X7) ® (Xo @ 11). Additional noise is added 13]. We find that it is very hard to set appropriate thresholds for
by flipping each element in the dataset with probability 0.02. We these two measurements in order to find the embedded patterns.
apply the algorithm on this dataset. All the three and only the three The embedded patterns will be missed if the thresholds are too
embedded patterns are identified with= 0.2 and3 = 0.8. high. On the other hand, too many irrelevant patterns will be iden-
For the purpose of comparison, we further examine two related tified if the thresholds are too low. We take a closer look of these
approaches for finding correlation patterns. One approach is corre-two criteria by examining their distributions. We take the pattern
lation pattern mining [26, 16, 13]. Another one is a feature selec- X3 = (X¢ ® X7) @ (Xo @ 11) for example. We enumerate all
tion method called Max-Relevance and Min-Redundancy (MRMR) size 5 patterns and plot their all confidence and coherence distri-
[27]. butions in Figure 7(a) and 7(b). The red line in these two figures
indicate the all confidence value and coherence value of the pattern
9.2.1.1 Comparison with correlation pattern mining. Xz = (X¢ © X7) @ (Xo © 11). As shown in the figures, both
values of the embedded pattern are on the left tails of their distrib-
We study two commonly used interesting measurements in cor- utions. Therefore, if we set the thresholds low enough to find the
relation pattern mining, i.e., all confidence and coherence [26, 16, embedded pattern, a large number of irrelevant patterns will also be
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Dependenteature | Featureselected by mRMR number of original instances in the dataset.
X0 { X2, Xu1} Figure 8(a) shows the distribution of the P-values. As is clear
Xa {X15, X14, Xo} from the figure, most of the patterns identified have very low P-
X3 { X5, Xi2, X7, X6} values, and all of them have P-value less than 0.05. This implies

the existence of interactions in the discovered patterns.
Table 2: Features selected by mMRMR
9.2.2.2 Biological evidence.
The locations of the identified pairwise SNPs are plotted in Fig-
) - o ] ure 8(b). The x-axis represents chromosome 1 and the y-axis rep-
identified. This indicates that all confidence and coherence are notyesents chromosome 4. Among the SNP pairs identified, two genes

suitable measurements for finding high order correlations. have been previously reported as colon-cancer susceptibility can-
. i didate genes. One is Duspl0, which is located on chromosome
9.2.1.2 Comparison with mRMR. 1 from bp185,735,717 to bp185,776,892. The other one is Nfyc,

mRMR [27] is a feature selection method, which seeks a feature which is located on chromosome 4 from bp120,262,892 to
subset that maximizes the relevance to the dependent feature (clasbp120,323,342. The locations of the two genes are plotted in the
label). The relevance is defined as the sum of the mutual informa- figure using red dotted lines. The Dusp10 protein is believed to
tion between each selected feature and the class label. To reducelay an active role in MAPK phosphatase activity [25]. The MAPK
the redundancy, mRMR also tries to minimize the mutual informa- pathway plays an important role in colon cancers, indicating Dusp10
tion among the selected features. Similar to our approach, mRMR is a candidate gene for colon-cancer susceptibility. Moreover, [12]
consider finding minimal redundant feature subset. However, this suggests that Nfyc is involved with transcription factor and DNA
approach only consider pair-wise correlations. binding activity and is involved in the positive regulation of tran-
To see if MRMR can find the three embedded patterns, we per- scription through a direct assay. The remaining SNP patterns have
form the following experiments. We apply mRMR three times. In  significance levels similar to the reported genes, and may be worthy
each time, we take one feature £X10, X2, X3} out as the de- of further examination.
pendent feature. Table 2 shows the features selected by mRMR for
each dependent feature. Clearly, the selected features do not corre-9.2.3 NIFSs as features in CART

spond to the embedded patterns. The reason is that the two criteria  Here we give an example showing how NIFSs can help with fea-

used by mRMR, relevance and and redundancy, are based on muyre selection and classification. Note that feature selection method
tual information, which is not effective in detecting the embedded syajly finds one representative feature subset. On the other hand,

high order correlation patterns. the goal of our method is to find all NIFSs in the dataset. Feature se-
o lection and classification themselves are a wide research areas and
9.2.2 Colon-cancer susceptibility study we do not claim that our method serves as a replacement of any of

We apply our algorithm to real-life SNP data to find multiple them. Our intension here is not to suggest another feature selection
SNPs that show strong correlations with colon-cancer susceptibil- or classification method, but rather, to show that when the interact-
ity, for which research has shown that combining two SNPs from ing features considered together, we can improve the accuracy of
two candidate regions can result in strong correlation [4]. The traditional classification and regression tree (CART) [1] methods.
two candidate regions we test on include 224 SNPs located from We apply our algorithm on the “zoo” dataset, which is available
185MB to 189MB on chromosome 1, and 188 SNPs from 119MB at the UC Irvine Machine Learning Repository. The dataset con-
to 124MB on chromosome 4 [29]. The values of cancer suscep- tains 101 animals, each of which has 15 binary features and a cat-
tibility range from 0 to 100% indicating the probability of getting  egorical class label. Among the NIFSs identified by the algorithm,
tumor, which are discretized into 5 bins. In total, there are 110 SNP we choose the top-5 NIFSs with the highest multi-information. For
pairs found showing strong associations with the phenotype when each one of the 5 NIFSs, we combined the features in it as a new

and only when the two SNPs are considered together. feature, and used these 5 new features as input features of CART.
For example, combining two binary features would generate a new
9.2.2.1 Statistical significance. feature having 4 values.

We use the approach proposed in [10] to assess the statistical
significance of the patterns identified by the algorithm. The sta-

tistical significance of an identified patterr, is assessed using All features| Selectedeatures| Combinedeatures
the KL divergenceD (P(F')||P(F)), whereP(F') is the observed Accuray | 40.59% 73.27% 85.15%

joint probability distribution of ', and P(F’) is the approximate

jointed distribution ofF" which is derived from distributions of fea- Table 3: Accuracy of CART

ture pairs inF'. An example of the approximation can be found
in Section 2. We bootstrap the dataset 1000 times. Each bootstrap
sample is created by randomly and independently picking instances Table 3 shows the accuracy of CART measured by the percentage

from the original dataset with replacement. We then B&tF') of correctly classified instances using 10-fold cross validation. The
which is the observed joint probability distribution 6f using the first column of the table shows the result using the full set of fea-
sample dataset. The P-value Bfis Pr(D(P'(F)||P(F)) >= tures. In the second column is the accuracy when using the original

D(P(F)||P(F))). See [10] for the theoretical background for this ~ features in the 5 NIFSs without combining them. The last column
method. The distribution of the KL divergence between the prob- shows the result when the features in each NIFS are combined as
ability mass function (pmf) of the features in an NIFS and its ap- a new feature. Note that the features used for the last two columns
proximate pmf derived from a pairwise Kirkwood superposition ap- are exactly the same. The only difference is whether these features
proximation is assessed by bootstrapping samples from the dataseare considered together or individually.

1,000 times. The size of each bootstrap sample is the same as the Aswe see from the results, combining features achieves the high-
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Figure 8: results on SNP-phenotype dataset
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