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    � (�2 · 2 |Σ |)  |Σ|    

           

          

          

          

         

          

     

      

          

         
          

        

            

        

        

        

       

         

          

         

         

        

         

        

         

         

        

      

          

           

       

         

     

  
 � = (� , �, Σ, �)       � 

    �       Σ     

  � : � → Σ        

 � ∈ Σ   � = |� |  � = |� |    
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 � ∈ �       �  

  − (�,�)  + (�,�)    − (�,�) =
{� | (�, �) ∈ �}  + (�,�) = {� | (�,�) ∈ �}  
     � ∈ �    − (�,�) 
+ (�,�)        

�   − (�,�) = |− (�,�) |  + (�,�) = |+ (�,�) |
          �

           

 (�,�)  (�,�)     

� = (�, �) ∈ �   �((�, �),�)      

 �         ��1,�𝑘 = (�1, �2, · · · , �� )
 (�� , ��+1) ∈ �   1 ≤ � < �     � �   

  �    ℓ (�)    ℓ (�) = ∪(�,�) ∈��((�, �),�)
   ��1,�𝑖  ��𝑖 ,�𝑘     ��1,�𝑖 

��𝑖 ,�𝑘    ��1,�𝑘  ℓ (��1,�𝑘 ) = ℓ (��1,�𝑖 ) ∪ ℓ (��𝑖 ,�𝑘 )
      

 �  �    � = (� , �, Σ, �)       Δ ⊆ Σ
 P        �  �  �  �  

  �    � ↦→Δ � (�)      � ∈ P
  ℓ (�) ⊆ Δ 

   �       

     �  �   

    Δ ⊆ Σ

         Σ = {�, �, �}
          

   �((�0, �1)) = �   ��0,�2 = {�0, �1, �2}
ℓ (��0,�2 ) = {�, �}  �((�0, �1)) = {�}  �((�1, �2)) = {�} 
 �0  �5  Δ = {�, �}  �0 ↦→{�,� } �5    
 ��0,�5 = {�0, �1, �2, �5} ℓ (��0,�5 ) = {�, �} ⊆ Δ = {�, �} 

     �  �    �  

    Δ     
�(�, �,Δ)   �     � 

 Δ
          

      �     

         

          

        

          

�       �      

    �   (� ) = Θ( �
�
)  

    �   (� ) = � ( �
�
· log𝑀

𝐵

�
�
)
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�0 �1 . . .  ��      

        �   
   �      � (� ) ⊂ � (�)
  ∀�, � ∈ � (� )  � ↦→Δ � (� )  � ↦→Δ � (�) 
� (� )� (�)     � �  

  �0 = �   ��  ��−1
         

      1 ≤ � ≤ �     ��  

 ��−1     ��   

           

 � (��+1) ⊂ � (�� )         

   ��+1    �� 

         

     ��      

          

        

 

       

        �(�, �,Δ)
 �  �   ��         

 ��        ��  �

 �         
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         � 

   (�, �)       (�, �) 
 Φ((�, �),�) = (�1, . . . , ��)         

�� ⊆ Σ  ∄ �  ∈ Φ((�, �),�)  �  ⊆ ��   1 ≤ � ≤ � 

    (�, �)    �((�, �),�) 
  �  �         

       
 ⊕       Φ((�, �),�) 
(�, �)  Φ((�,�),�)  (�,�)  C      

  ��,�  ��,�     

��,� ∈ Φ((�, �),�)  ��,� ∈ Φ((�,�),�)   

    Φ((�, �),�)  Φ((�,�),�)  
 Φ((�, �),�) ⊕ Φ((�,�),�) = {� ∈ C |∄ �  ∈ C, �  ⊆ �}  

        
      Φ((�, �),�)  Φ((�, �),�)
 (�, �)        Φ((�, �),�) 
Φ((�, �),�)    Φ((�, �),�)  Φ((�, �),�) = {� ∈
{Φ((�, �),�) ∪ Φ((�, �),�)}|∄ �  ∈ {Φ((�, �),�) ∪ Φ((�, �),�)}
�  ⊆ �} 
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  (�2,�)  ((�6, �4),�)

        

       

      (�,�)
  �     � ∈ �      

   � �    (�,�) �   

�      �      

      � ∈ − (�,�)  � ∈ + (�,�)
 (�,�) ∉ � (�)    (�,�)    

 Φ((�,�),� ) = Φ((�, �),�) ⊕ Φ((�,�),�)   

       (�,�)   

Φ((�,�),� ) = Φ((�,�),�)  (Φ((�, �),�) ⊕ Φ((�,�),�)) 

      ((�, �),�)
   �     (�, �)     

   (�, �)  �    ((�, �),�)  �

    �    (�, �)    �  

   (�,�) ∈ � (�)  (�, �) ∈ � (�)    

� ∈ Φ((�, �),�)   �  ∈ Φ((�, �),�) ⊕ Φ((�,�),�) 
�  ⊆ �   �      �  

     �      

 (�2,�)  ((�6, �4),�)  �    

        

  �2  − (�2,�) = {�1}  + (�2,�) = {�5} 
�((�1, �2)) = {�} �((�2, �5)) = {�}   �2  

(�1, �2)  (�2, �5)    �     (�1, �5)
     Φ((�1, �2),�) ⊕ Φ((�2, �5),�) =

{�}         

(�6, �4)  �((�6, �5)) = {�}  �((�5, �4)) = {�} Φ((�6, �5),�) ⊕
Φ((�5, �4),�) = {�} ⊆ Φ((�6, �4),�) = {�}  (�6, �4)  
  �  

        

          

    

        � 

    �       �   

        �    

            

   �  

        

       � �0   � 

�  �    0       

       �1,�2, . . . ,��

 ��     ��−1     

          ��
 ��         � ∈ ��   

     � ��     

  (�)
 �, � ← 0�𝑖 ← � 

 �𝑖       
 �𝑖 ← () 
   � ∈ �𝑖 
 �𝑖 ← (�,�𝑖 ) 
   (�, �) ∈ � (�𝑖 ) 
 �𝑖 ← ( (�, �),�𝑖 ) 
 �𝑖+1 ← �𝑖  � ← � + 1 � ← �

         

 (�, �)  ��        ��

        

          

         

       �0 = {�0, �2, �3, �8, �9}
 �0           

         �0   

    (�6, �1)  (�6, �4)  �1   

     �1 = {�1, �6, �10}  �1 

          

       �1      

       �2   

  �2         

  

          

        

          
      

        

 �   �   �0,�1, . . . ,��     

         �  

  � (�)      �   � ∈ � (�� )


     �  �   �     
  Δ ⊆ Σ      �  �  � �  ℓ (�) ⊆ Δ
     �   �  � ��   ℓ (� ) ⊆ ℓ (�) ⊆ Δ
 � ≤ {� (�), � (�)}

         

       

    
           

       

          

    

      
        ��  

             

          

        

           

� > 0     �1−�  
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    �1
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v4

b a
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v5

v7 v11

   �2

    

  (�)
         �      �

 �  � ≺ �     �    �

 � ←   �        

    (�, �)      �      �

    (�, �) ∈ � (�)       

   �

    � ← ∅
    �         
     (�, � (�))   � � 

  ∃ � (�) = 1  � (�) ← 0  � (�) ← 1

    �  � � 
   (�, � (�)) � 

  � ←     � (�) = 1

          D

   
D+1
3

  

        

          

        

          

      

        

            

          

          

         

�        ≺     

� ≺ �   (�) < (�)  (�) = (�)  (�) < (�)
          

     �     �  �  � ≺ � 

   �    �       �

            (�, �)
     �      �     

 (�, �) ∈ � (� )        

 �       ≺  

           

          

            

       �    � (�)     

           

(�, � (� ))  �       

   �        

        � (� )      � (�)  0
 � (�)           

�  �  (�, � (�))        �   

 �          

        � (�) = 1  

            

        

     �  � ((�))

v1
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v9v10
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b
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b
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ab

        �0

     �      

     �    

         ≺  
�0 ≺ �2 ≺ �3 ≺ �8 ≺ �9 ≺ �10 ≺ �11 ≺ �4 ≺ �5 ≺ �7 ≺ �6 ≺ �1 

         

          ≺ 

    �0       

    �0  �  � (�0) = 1  (�1, 1)    � 

�2, �3, �8, �9     �10  (�10, 1)   

�   �9 � (�10) = 0     

     {�0, �2, �3, �8, �9} 

         

        

      � ( |� |)     

         

         

         

         

      �     

          

 

     �  �      

            
(�, �)  �     {(�), (�)}    �+
       �      

         �−     
  �         �

   �−  �+     (�,�)
  Φ((�, �),�) ⊕Φ((�,�),�)    

        S   
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  (� ,�)
 S ← ∅ E ← ∅
 � ← (� ∈ � )   {(�) }
 �+ ← ( (�, �) ∈ � (�))   {(�), (�) }
 �− ←      �       
   � ∈ � 
  (�,�) ∈ �−  (�−) 
   (�,�) ∈ �−  (�−) 
 E ← E ∪ (�, �) 
  (�, �) ∈ �+  (�+) 
 Φ( (�, �),�) ← Φ( (�, �),�) ⊕ Φ( (�, �),�)  S ← S ∪ (�, �) 
 E ← E ∪ (�, �) 
    (�, �) ∈ �+  (�+)  E ← E ∪ (�, �) 
 E ← ( (�, �) ∈ E)   {(�), (�) }
 �+ ←   (�, �) ∈ �+     E  (�+) 

(E) 
 S ← ( (�, �) ∈ S)   {(�), (�) }
 �+ ←   (�, �) ∈ S  �+   Φ( (�, �),�) 
  (�, �) ∈ �+  (�)  (�+) 

 � (� (�) − �  �+) 

     E       

(�, �) ∈ E     {(�), (�)}   

�+       (�, �) ∈ S    

{(�), (�)}      � +   (S)
 (� +)  (�, �)    � + Φ((�, �),�)   

       (�, �)  �  � + 
         

        

  � = {�0, �2, �3, �8, �9}      

        �   
 � = {�0, �2, �3, �8, �9}  �+�−    

  (�, �)   {(�), (�)}{(�), (�)}  �+ =
{(�0, �1, �), (�1, �2, �), (�1, �5, �), (�2, �5, �), . . . , (�11, �9, �)} 

�− = {(�1, �0, �), (�1, �3, �), (�1, �4, �), (�1, �6, �), . . . , (�11, �7, �)}
   �  �+  �−    

  �0       

     (�0, �1, �)    E  �2 

  �1  �−     �5   

Φ((�1, �5),�) = Φ((�1, �2),�) ⊕ Φ((�2, �5)) = {�}  

(�1, �5, �)  S  (�1, �2, �) (�2, �5, �)    E 
   �      E =

{(�0, �1, �), (�1, �2, �), (�2, �5, �), (�3, �1, �), (�4, �3, �), (�6, �8, �), (�7,
�8, �), (�9, �10, �), (�11, �9, �)} S = (�1, �5, �), (�4, �1, �), (�11, �10,
��)      E      �+
   � +      S    

 � +            

      

    
           

          

� (�)            

          

        

          

           

         

  (�)
 �+ ← ( (�, �) ∈ � (�))   {(�), (�) }
 �− ← ( (�, �) ∈ � (�))   {(�), (�) }
 � ← ∅ �∗ ← ∅ E ← ∅
   � ∈ � (�) 
 � ← � ∪ {� } �∗ ← �∗ ∪ {� } ∪ − (�,�) ∪ + (�,�) 
   ·|𝑆

∗ |
2
≥ �� 

 (�+)  (�−)  �𝑆∗ 

   � ∈ � (�𝑆∗ ) 
   � ∈ + (�,�𝑆∗ ) 
   � ∈ + (�,�𝑆∗ ) 
  � ∈ + (�,�𝑆∗ ) 
   � ∈ Φ( (�, �),�𝑆∗ ) 
  ∄ � ∈ Φ( (�, �),�𝑆∗ ) ⊕ Φ( (�, �),�𝑆∗ )  � ⊆ � 
 
  (�, �)   �𝑆∗ 

 E ← E ∪ {(�, �) }
 � ← ∅ �∗ ← ∅
 ( (�, �) ∈ E)   {(�), (�) }
    E  �+  (E)  (�+) 
 � (� (�), �+) 

             

         

      (�6, �1) (�6, �4) (�6, �5) 
 (�6, �1)(�6, �4)     (�6, �4)  (�4, �1)(�6, �5)
 (�5, �4)  (�6, �5)       

          

           

   (�6, �5)        

(�6, �1)(�6, �4)     (�6, �5)   
    �6  �1�4�5    

    

        

�   �       �       �  

 �∗    �∗ = � ∪ {� |� ∈ {− (�) ∪ + (�)}} 
     ��∗      

  �  �∗ 

        

       �  �   (�, �)     �
       �       (�,�)
 (�, �)  �   ∀� ∈ Φ((�, �),�) ∃ �  ∈ Φ((�,�),�) ⊕
Φ((�, �),�)  �  ⊆ �       (�,�) 
(�, �) ��∗   ∀� ∈ Φ((�, �),��∗ ) ∃ �  ∈ Φ((�,�),��∗ ) ⊕
Φ((�, �),��∗ )  �  ⊆ � 

          

  

          

           �   

        ��∗   � 

       �   

          

       

          

 

2596



      (�, �)     �

  {(�), (�)}    {(�), (�)}    
          

     �  �∗  E     

      �  �      �∗

     ��∗      � 

             � 

    ��∗   0 < � < 1    

  ��∗    �      �∗  
|��∗ | > �      �∗     

��∗  ��∗     (�+)  (�−)
  ��∗         

   ��∗       

  �  ��∗      �  �  

 �      �  �     

� ∈ Φ((�, �),��∗ )   �  ∈ Φ((�, �),��∗ ) ⊕ Φ((�,�),��∗ )
  �  ⊆ �     (�, �)    

    (�, �)      ��∗

   E       �  

           

  E        �+   
      

          

         

           

 {�1, �4, �5, �6}  �        

   ��∗  �      

            

 (�1, �5), (�4, �1), (�5, �4), (�6, �1), (�6, �4), (�6, �5) (�6, �1) 
(�6, �4)           

 (�7, �10, �11)  �         

          

     �  �    �   �   
           Δ ⊆ Σ  
   �  �  �  �  ℓ (�) ⊆ Δ      � 

 �  �  �    ℓ (� ) ⊆ ℓ (�) ⊆ Δ

         

         

          

        

       (�, �)    

       �/�  
          

          (�, �) 
   �/�     

        

           

            

   �        

 �           

       �   

            

         

   

  (�)
 � ← 0�𝑖 ← � 

 �𝑖       
 �𝑖 ← (�𝑖 ) 
 � ← (�) 
 � ← (�) 
 �𝑖+1 ← � � ← � + 1 � ← �

    
         

          

  � = 0      

   ��       

  ��      ��   

          

          

     �       
 � (Σ�

�=0
((�� ) + �� · (�� )))  ��     

       �� 

          

  �0�1 . . . ��    ��   

      � ((�� ))
           

   ��        ��   

   � ((�� ))    
    ��        

          � (�� · (�� ))
      ��     

     � (Σ�
�=0
((�� ) + �� · (�� )))

         

        

         

         

       

          

        

         

          

         

         

          

          

    � ((�� )) = � ( |� (�𝑖 ) |
�
) 

�           

         

 ��          

� (�� · (�� ))   � (�)   
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v1

v4

v6

v5
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v10

v11

b

b
b

b

a

bc
b

b

ab

   

     

      �(�, �,Δ)  �{� (�),� (� ) } 
 � (�)� (�)        �� 

         

            

         

 �    �{� (�),� (� ) }   
�{� (�),� (� ) }  �       

           

         

     

•      � ∈ {� (�) \
� (�� )}       

     �   �  �� (�)   

     Φ((�, � ),�� (�) )
•       � ∈ {� (�) \
� (�� )}       

     �   � �� (�)   
     Φ((� , �),�� (�) )

       

         
   �        

     �0, �2, �3, �8, �9  0   

�1, �6, �10  1      
�2, �3, �8, �9         

   (�2, �1, �) (�3, �4, �) (�8, �6, �) (�8, �7, �) (�9, �11, �)
�0    �0  �0   

(�1, �4, �) (�10, �11, ��)  �1 �6     �1 

          

  

       

           

             

       

  
         
  I�  I�     ��  I�   I�  

        

   �(�, �,Δ)  �, � ∈ � (�� )       

�    �  Δ  �     �  

 �  Δ  ��      ��

            

   ��       Δ  

            

(v2, v1, b)
(v3, v4, b)
(v8, v6, a)
(v8, v7, a)
(v9, v11, c)

(v0, v1, a)
(v2, v5, b)
(v3, v1, b)
(v9, v10, b)

Lower-IndexUpper-Index 

(v10, v11, bc)

Gk

(v1, v5, b)
(v6, v5, b)
(v6, v7, b)
(v10, v7, a)

abc

v4

b
a

a

b

v5

v7 v11

(v1, v4, b)

    �� 
    �  �   ��     

        

       

     �    
I�  I�     �, � ∈ I�/I�   ��  ��
 I�/I�   � (�) ≤ � (�)
         

 I�  I�  

     �    
I�  I�     (�, �) ∈ I�/I�  � (�) ≤ � (�)
          

          

          

    �� 0 ≤ � < �     

I� I�     

 ��            

   I�  I�       I� I�
      

  I�  I�  

         

          
 �(�, �,Δ)      H    
  �  Δ        

��  �         �

 �      � ∈ Φ(�,�)  � ⊆ Δ  H  

       I�      (�, �)
     �    H  

  � ∈ Φ(�, �)  � ⊆ Δ    �     �  

�     �  Δ      

 �     H       

I�         �    

   H  �   ��   

2598



  (�, �,Δ,�𝑘 , I𝑙 , I𝑢 )
 H ← ∅
     I𝑢   � 

    (�,�) ∈ I𝑢 
  ∃ � ∈ Φ(�,�)  � ⊆ Δ 
  � ∉ H   �  H

    (�, �) ∈ I𝑢   I𝑢 
  � ∈ H  ∃ � ∈ Φ(�, �)  � ⊆ Δ 
  � = �   
  � ∉ H   �  H

 � ← ∅
   � ∈ H 
  � � 

 � ≠ ∅ 
  � � 

    �  � �𝑘 
  ∃ � ∈ Φ(�, �)  � ⊆ Δ 
  � = �   
  � ∉ H   �  H  � � 

    (�, �)      I𝑙 
  � ∈ H  ∃ � ∈ Φ(�, �)  � ⊆ Δ 
  � = �   
  � ∉ H   �  H

  

           

   H    (�,�)  ��   � ∈ Φ(�,�)
 � ⊆ Δ    �       ��  

        I�   

  H        I�    �

          

  

      �(�9, �8, {�, �})  

          

          

 I�   �9       

I�   Φ(�9, �10) = {�} ⊆ {�, �} �10   H   

  I�   (�10, �7)  Φ(�10, �7) = {�} ⊆ {�, �}
 �7   H         

�7  ��   �11  Φ(�7, �11) = {�} ⊆ {�, �} 
�11   H        I�   
 �10  Φ(�10, �11) = {��}  {�, �}   
�9  Φ(�9, �11) = {�}  {�, �}     �8 
Φ(�8, �7) = � ⊆ {�}  �8       �  

�8     �9  {�, �}    



      �(�, �,Δ)    �


      �(�, �,Δ)    �
 � (( |I� | + |I� |)) 
         �

        
          

   � (( |I� | + |I� |))    

          

         

    ��       

        � (�)   

          

            

      ��   

       �     

     � H   

 
         

       

           

    

     

  |� | |� | �𝑚𝑎𝑥 �𝑎𝑣𝑔 |I𝑢 | + |I𝑙 |
      

      

      

      

      

      

      

      

       

          
      
     
   

     

      

           

           

 |Σ| = 8

      

•        

           

    Δ        

•        

           

         Δ   

• +      

  

•        

         

           

      |Δ| = 4    
       ��

            

        

           

   

2599

http://snap.stanford.edu/data/index.html
http://law.di.unimi.it/datasets.php
https://yago-knowledge.org/downloads/yago-4-5
https://yago-knowledge.org/downloads/yago-4-5
https://www.wikidata.org/wiki/Wikidata:Database_download
https://www.wikidata.org/wiki/Wikidata:Database_download


LCR-Index SEM-BFS EM-BFS P2H+

2 4 6 8 1010−5

10−3

10−1

101

103

tim
e 

(s
)

   

2 4 6 8 10105

109

1012

I/O
s

  

2 4 6 8 1010−5

10−3

10−1

101

103

tim
e 

(s
)

   

2 4 6 8 10105

109

1012

I/O
s

  

2 4 6 8 10100

101

102

103

OT

tim
e 

(s
)

   

2 4 6 8 10107

109

1011
OT

I/O
s

  

2 4 6 8 10100

101

102

103

OT

tim
e 

(s
)

   

2 4 6 8 10107

109

1011
OT

I/O
s

  

2 4 6 8 10100

101

102

103

OT

tim
e 

(s
)

   

2 4 6 8 10107

109

1011
OT

I/O
s

  

2 4 6 8 10100

101

102

103

OT

tim
e 

(s
)

   

2 4 6 8 10107

109

1011
OT

I/O
s

  

          

LCR-Index SEM-BFS EM-BFS

2 4 6 8100

101

102

103

104

tim
e 

(s
)

   

2 4 6 8107

109

1012

I/O
s

  

2 4 6 8100

101

102

103

104

tim
e 

(s
)

   

2 4 6 8107

109

1012

I/O
s

  

2 4 6 8100

101

102

103

104

tim
e 

(s
)

   

2 4 6 8107

109

1012

I/O
s

  

2 4 6 8100

101

102

103

104

tim
e 

(s
)

   

2 4 6 8107

109

1012

I/O
s

  

        |Δ|

        

        

          

         

          

             

          + 
          +

           

           

       

       

           

         

          
         
          

         

          

        

        

    +      

        

          

           

           

          

             

2600



LCR-Index SEM-BFS EM-BFS

0.5G 1G 2G 4G
100

101

102

103

104

tim
e 

(s
)

 

0.5G 1G 2G 4G
100

101

102

103

104

tim
e 

(s
)

 

0.5G 1G 2G 4G
100

101

102

103

104

tim
e 

(s
)

 

0.5G 1G 2G 4G
100

101

102

103

104
tim

e 
(s

)

 

     �

            

     

    |Δ|     

      |Δ|      

          

    � = (�, �,Δ)   �     Δ  2� 

 �   �       Δ  
           

           
          

       Δ   

         

   |Δ|         

         

           

           

      

   �      

          

 �           

          

        

         

            

          

     �    

         

          �� 

         I� 

I�          

       

          

           

        

          

        

       

       

           

   �� 1 ≤ � ≤ 7     

GO DB UK IT TW SK YG WK102
103
104
105
106

tim
e 

(s
)

   

1 2 3 4 5 6 70
2
4
6
8

M
em

or
y 

(G
B

) UK
IT
TW

SK
YG
WK

 |�𝑖 |

    

alumniOf

spouse children children children

Donald
Trump locationUniversity of

Pennsylvania leaderUSA Joe Biden

Melania
Trump

Ivanka
Trump Eric Trump Barron

Trump

   
          

         

   |I� | + |I� |      

          

            

           

    ��            

          

      ��      

     ��     

          

        

��         

          

           

          

          

        
         

          

           

            

         

         

    

         
  Δ = { }      

             

         

   

 
           

           

         

         

       

         

         

 

2601




            

       

            

       
             

      
           

         
               

        
  

               

         
 

              

          
 

              

           
  

               

       
                 

    
                 

          
                

    

             

       
             

       
              

        
          

           
 

         �1−𝜖
    

  

             
   

             

          
              

         
            

 

             

          
            

          
   

               

           

     
             

           
              

    
               �  �

        
               

     
                   

           

      
           

   
           

          

                   

           
 

              

        

           
       

          

        
             

      
              

      


           
 

               

          
  

                

          
 

            

          


             

         
   

           

    
               

        


              

          
            

 

            
    

                

          
    

              

     
              

            

  

              

        
              

     
               

    
                

      
                

       
              

          
 

              

          
                 

         
 

               

      
                 

      
                

       
                

          


               

          

     
                  

        


2602


	Abstract
	1 Introduction
	2 Related Work
	3 Problem Definition
	4 A Reduction-Based Framework
	5 Index Construction and Query Processing
	5.1 Overview of Index Construction Algorithm
	5.2 I/O Efficient Index Construction
	5.3 Index Structure on Disk
	5.4 Query Processing

	6 Experiment
	7 Conclusion
	References

