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ABSTRACT

k-plexes relax cliques by allowing each vertex to disconnect to at
most k vertices. Finding a maximum k-plex in a graph is a funda-
mental operator in graph mining and has been receiving significant
attention from various domains. The state-of-the-art algorithms all
adopt the branch-reduction-and-bound (BRB) framework where
a key step, called reduction-and-bound (RB), is used for narrow-
ing down the search space. A common practice of RB in existing
works is SeqRB, which sequentially conducts the reduction pro-
cess followed by the bounding process once at a branch. However,
these algorithms suffer from the efficiency issues. In this paper, we
propose a new alternated reduction-and-bound method A1tRB for
conducting RB. ALtRB first partitions a branch into two parts and
then alternatively and iteratively conducts the reduction process
and the bounding process at each part of a branch. With newly-
designed reduction rules and bounding methods, A1tRB is superior
to SeqRB in effectively narrowing down the search space in both
theory and practice. Further, to boost the performance of BRB algo-
rithms, we develop efficient and effective pre-processing methods
which reduce the size of the input graph and heuristically compute
a large k-plex as the lower bound. We conduct extensive experi-
ments on 664 real and synthetic graphs. The experimental results
show that our proposed algorithm kPEX with A1tRB and novel pre-
processing techniques runs up to two orders of magnitude faster
and solves more instances than state-of-the-art algorithms.
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1 INTRODUCTION

The graph model serves as a versatile tool for abstracting numerous
real-world data which captures relationships between diverse enti-
ties in social networks, biological networks, publication networks,
and so on. Cohesive subgraph mining is one of the central topics in
graph analysis and data mining where the objective is to mine those
dense or cohesive subgraphs that normally bring valuable insights
for analysis [10, 25, 26, 34, 39]. For example, cohesive subgraph min-
ing has been used to detect a terrorist cell in social networks [38],
to identify protein complexes in biological networks [62], and to
find a group of research collaborators in publication networks [32].

The clique is arguably the most well-known cohesive subgraph
where every pair of distinct vertices is connected by an edge. In
the literature, the study of efficient algorithms for extracting the
maximum clique or enumerating maximal cliques is extensive, e.g.,
[7, 8, 18, 24, 44, 45, 49, 50]. Nevertheless, clique, being a tightly
interconnected subgraph, is over-restrictive, which limits its practi-
cal usefulness. To circumvent this issue, relaxations of clique have
been proposed and studied in the literature, such as k-plex [48],
k-core [47], quasi-clique [31, 58], and k-defective clique [9, 21]. In
particular, k-plex relaxes clique by allowing each vertex to discon-
nect to at most k vertices (including the vertex itself). It is clear that
1-plex corresponds to clique. The research of cohesive subgraph
mining in the context of k-plex has recently attracted increasing
interests [11, 12, 22, 27, 35, 36, 53, 54, 56, 63].

In this paper, we study the maximum k-plex search problem
which aims to search the k-plex with the largest number of vertices
in the given graph. It is well-known that the maximum k-plex search
problem is NP-hard for any fixed k [3]. Thus, existing studies and
ours focus on designing practically efficient algorithms.

Existing algorithms. The state-of-the-art algorithms all (concep-
tually) adopt the branch-reduction-and-bound (BRB) framework [11,
12, 27, 35, 36, 53, 63]. The idea is to recursively solve the problem
instance (or branch) by solving the subproblem instances (or sub-
branches) produced via a process of branching. A branch denoted
by (S, C) corresponds to a problem instance of finding the largest
k-plex from the subgraph (of the input graph) induced by vertex set
S U C, where the partial solution S corresponds to a k-plex and the
candidate set C corresponds to the set of vertices used to expand
the partial solution. We refer the search space of a branch to the
set of possible k-plexes in the subgraph induced by S U C. At each
branch, a key step, named reduction-and-bound (RB), is performed
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for narrowing down the search space. We note that existing studies
all follow a sequential framework, called SeqRB, for implementing
the RB step. Specifically, SeqRB sequentially conducts two processes
once: 1) the reduction process shrinks the candidate set C by remov-
ing some unpromising vertices that cannot appear in the largest
k-plex; and 2) the bounding process computes the upper bound
of the size of the largest k-plex in the branch refined by the first
step, which is used for pruning unnecessary branches (i.e., with
the upper bound no larger than the largest k-plex seen so far). The
rationale behind is that with some vertices being removed by the
reduction process, the bounding process may obtain a smaller upper
bound so as to prune more branches.

Existing studies focus solely on refining the reduction and bound-
ing methods used in SeqRB while devoting little effort to improving
the whole RB framework. We observe that, in SeqRB, the reduction
process benefits the bounding process, but not the other way; thus,
they are sequentially conducted only once. One interesting ques-
tion is that: Can we design a new RB framework where the reduction
process and the bounding process can benefit each other?

We note that recent studies [11, 12, 53, 63] boost the practical per-
formance of BRB algorithms by devising pre-processing techniques.
These techniques include 1) graph reduction algorithms [11, 63] for
reducing the size of the input graph (among which the best one is
CTCP [11]); and 2) heuristic algorithms [11, 12, 63] for computing an
initial large k-plex used for the above reduction algorithms (among
which the best ones are kPlex-Degen [11] and EGo-Degen [12]).
Our new methods. In this paper, we first propose a new frame-
work, called alternated reduction-and-bound (A1tRB), for conducting
the RB step at a branch (S, C). A1tRB differs from SeqRB mainly
in the way of conducting the reduction process and the bounding
process. Specifically, A1tRB first partitions a branch into two parts
(i.e., S = Sp U Sg and C = Cr, U Cg). With newly-designed reduc-
tion rules and upper bound computation methods on each part, the
bounding process on one part will benefit the reduction process on
the other (note that the reduction process still benefits the bound-
ing process on the same part, which is the same as SeqRB). Thus,
A1tRB alternatively and iteratively conducts the reduction process
and the bounding process at each part of a branch (e.g., bounding
on S; U Cp — reduction on Sg U Cr — bounding on Sgp U Cp —
reduction on Sy U Cp — ...). In this manner, the bounding process
and the reduction process could mutually benefit from each other.
We show that A1tRB is superior to SeqRB in narrowing down the
search space in both theory (as will be shown in Equation (9)) and
practice (as will be shown in Table 3). We further design efficient
pre-processing techniques for boosting the practical performance
of BRB algorithms: 1) a new method CF-CTCP, which differs with
CTCP in the way of conducting different reductions at each iteration,
and 2) a heuristic algorithm KPHeuris that iteratively compute a
large initial maximal k-plex.

With all the above newly-designed techniques, we develop a
new BRB algorithm called kPEX, which runs up to two orders of
magnitude faster and solves more instances than state-of-the-art
algorithms kP1exT [12], kPlexS [11], KPLEX [53], and DiseMKP [35].
Our contributions. Our main contributions are as follows.

e We propose a new BRB algorithm called kPEX, which integrates
the alternated reduction-and-bound method A1tRB (Section 3).
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With our novel reduction and bounding methods, A1tRB is supe-
rior to SeqRB in narrowing down the search space (Section 4).

e We design efficient pre-processing techniques for boosting the
performance of BRB algorithms, namely a new method CF-CTCP
for reducing the size of the input graph and a heuristic KPHeuris
for computing a large initial k-plex (Section 5).

e We conduct extensive experiments on 664 graphs to verify the
effectiveness and efficiency of our algorithms. Compared with
state-of-the-art algorithms, our kPEX 1) solves most number of
graph instances within the time limit and 2) runs up to two orders
of magnitude faster than existing algorithms (Section 6).

2 PRELIMINARIES

Let G = (V, E) be a simple graph with |V| = n vertices and |E| = m
edges. A vertex v is said to be a neighbor of (or adjacent to) vertex
u if there is an edge between u and v, i.e., (u,v) € E. Denote by
Ng(u) = {v € V| (u,0) € E} and dg(u) = [Ng(u)| the neighbor
set and the degree of the vertex u in G, respectively. Given a vertex
subset S C V, we use G[S] to denote the subgraph induced by
S, ie, G[S] = (S,{(u,0) € E|u,v € S}), and use Ng(u, S) (resp.
Ng(u,S)) to denote sets of neighbors (resp. non-neighbors that
include u itself) of u in G[S]. We omit the subscript G when the
context is clear. Given a graph g, we use V(g) and E(g) to denote
the sets of vertices and edges in g, respectively.
In this paper, we focus on the cohesive subgraph of k-plex.

Definition 2.1 (k-plex [48]). Given a positive integer k, a graph g
is said to be a k-plex if dy(u) > |V (g)| — k for each vertex u € V(g).

Obviously, a 1-plex is a clique where each two vertices are ad-
jacent. Note also that k-plex has the hereditary property, i.e., any
induced subgraph of a k-plex is also a k-plex [48].

Problem statement. Given a graph G = (V,E) and an integer
k > 2, the maximum k-plex search problem aims to find the largest
k-plex G[S] with [S| > 2k —1in G.

Following the previous studies [11, 53], we focus on finding k-
plexes with at least 2k — 1 vertices for the following considerations.
First, the value of k is usually small in real applications, e.g., k < 6
in [27, 36, 56, 63]. Hence, a k-plex with at most 2k — 2 vertices is
less informative in practice. Second, a k-plex with at least 2k — 1
vertices has the diameter of at most 2 [63], which is more cohesive.

We next introduce some useful concepts used in this paper.
k-core/k-truss. We review useful cohesive subgraph definitions.

Definition 2.2. Given a positive integer k, a graph g is said to be
e ak-coreif dy(u) > k for each vertex u € V(g) [47];
o a k-truss if each edge (u,v) € E(g) belongs to at least k — 2
triangles, i.e., [Ny(u) N Ny(v)| = k — 2 for each edge (u,0) €
E(g) [16].

Clearly, a k-core g is a (|V(g)| — k)-plex and a k-truss ¢’ is a
(IV(g")| - k +1)-plex.
Degeneracy order. The sequence of vertices vy, vy, ..., v, is called

the degeneracy order of G if v; has the minimum degree in subgraph
G[{vi,vi+1, .. on }] for each v; in V [4], which can be obtained in
O(m) [4]. Further, the degeneracy of G, denoted by (G) (or § if the
context is clear), is defined as the smallest number such that every
induced subgraph of G has a vertex of degree at most §(G).



Algorithm 1: Our framework: kPEX
Input: A graph G = (V, E) and an integer k
Output: The largest k-plex G[S*]
/* Stage-I1.1: Heuristic&Preprocessing (Sec. 5)

-

S* « alarge k-plex via a heuristic process KPHeuris;
CF-CTCP(G, 0, |S*| — k, |S*| — 2k, true);

/* Stage-I.2: Divide-and-conquer framework
while V(G) # 0 do

4 v « the vertex with the minimum degree in G;

5 g « the subgraph of G induced by N=2(v);

/* Stage-II:branch-reduction-bound (Sec. 4)
6 | BRB_Rec(g, {0}, V(g)\ {0}, k);

7 if |S*| is updated due to Line 6 then Ib_changed — true else

X

*/

(™)

*/

Ib_changed « false;
8 CF-CTCP(G, {v}, |S*| — k, |S*| — 2k, Ib_changed);

9 return G[S*];

Procedure BRB_Rec(G, S, C, k)

C*,UB* « ALtRB(G, S, C, k);

if UB* < |S*| then return;

if SUC*is a k-plex then update S* by SUC* and return;
v* « a branching vertex selected from Cc*;

BRB_Rec(G,S U {v*},C* \ {v*},k);

BRB_Rec(G, S, C* \ {v*},k);

THE FRAMEWORK OF KPEX

Our algorithm, named kPEX, follows the branch-reduction-and-
bound (BRB) framework which is (conceptually) adopted by existing
algorithms [11, 12, 27, 35, 36, 53, 63]. The idea is to recursively parti-
tion the current problem instance of finding the largest k-plex into
two subproblem instances via a process of branching. Specifically,
a problem instance (or branch) is denoted by (G, S, C) (or, simply
(S, C) when the context is clear) where the partial solution S induces
a k-plex (i.e., G[S]) and the candidate set C is a set of vertices that
will be used to expand S. Solving the branch (S, C) refers to finding
the largest k-plex G[H] in the branch; a k-plex is in the branch
(S,C) ifand only if S € H € S U C. To solve a branch (S, C), it
recursively solves two sub-branches formed based on a branching
vertex v selected from C: one branch (S U {v},C \ {v}) includes v
to the partial solution S (which finds the largest k-plex containing
v in (S, C)), and the other (S, C \ {v}) discards v from the candidate
set C (which finds the largest k-plex excluding v in (S, C)). Clearly,
solving two formed sub-branches solves branch (S, C), and solving
the branch (0, V) finds the largest k-plex in G.

Our kPEX adopts a similar framework in [11], which is summa-
rized in Algorithm 1 and involves two stages. Stage-I first includes,
in Stage-1.1, a heuristic method called KPHeuris for computing a
large k-plex G[S*] (maintained globally as the largest k-plex seen
so far), which will be used to narrow down the search space (Line
1), and a reduction method called CF-CTCP for reducing the input
graph G by removing unpromising vertices/edges that will not ap-
pear in any k-plex larger than |S*| (Line 2). Besides, kPEX employs
a widely-used divide-and-conquer strategy in Stage-1.2, which di-
vides the problem of finding the largest k-plex in G into several
sub-problems (Lines 3-9). Each sub-problem corresponds to a vertex
v in G and aims to find the largest k-plex that (1) includes vertex v
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and (2) is in a subgraph of G induced by v’s two-hop neighbours
N=2(), i.e., the set of vertices that have distance at most 2 from
v (note that a k-plex with at least 2k — 1 vertices has the diame-
ter of at most 2 [63] and thus the largest k-plex containing v is a
subset of N<2(1)). We note that after solving each sub-problem,
we can remove one vertex v from G since all k-plexes containing
v have been found in Line 6. Clearly, the largest k-plex in G is the
largest one among those returned by all sub-problems. Stage-II
corresponds to the recursive process of solving a branch (Lines 10-
16). Specifically, BRB_Rec recursively branches as discussed above
(Lines 14-16). Besides, BRB_Rec conducts the newly proposed alter-
nated reduction-and-bound process (A1tRB) on a branch (S, C) for
narrowing down the search space (Line 11). Specifically, it refines
C to C* by removing some unpromising vertices and computes an
upper bound UB* of (the size of) the largest k-plex in (S, C) for
terminating the branch. Finally, we can terminate the branch when
(1) UB* < |S*| since no larger k-plex is in the branch and (2) SUC*
is a k-plex since G[S U C*] is the largest k-plex in the branch. We
remark that a larger k-plex S* may be identified in Line 6, which
means that more unpromising vertices/edges might be removed by
our pre-processing method CF-CTCP in Lines 7-8.

Novelty. Our framework differs from the state-of-the-art one [11]
in the following aspects. First, in Stage-II, kPEX is based on the
newly proposed ALtRB for narrowing down the search space. Re-
call that existing methods conduct the reduction-and-bound (RB)
process using a sequential method called SegRB at Line 10 instead.
We will show that A1tRB performs better than SeqRB in Section 4.
Specifically, it refines C to a smaller set C* (i.e., |C*| < |C|) and
obtains a tighter upper bound UB* (i.e., UB* < UB). Second, in
Stage-I.1, kPEX employs the novel KPHeuris and CF-CTCP which are
more effective and efficient than existing competitors in Section 5.

4 OUR REDUCTION&BOUND METHOD: ALTRB

4.1 An Alternated Reduction-and-Bound
Method

Recall that existing algorithms conduct the reduction-and-bound
(RB) step using the sequential method SeqRB on a branch B = (S, C)
for narrowing down the search space. Specifically, SeqRB has two
sequential procedures: 1) the reduction process refines the candidate
set C to C’ based on |S*| (i.e., the lower bound of the branch), i.e.,
removing from C those vertices that cannot appear in a k-plex larger
than |S*|; and 2) the bounding process obtains the upper bound of
the largest k-plex in the refined branch (S, C’), i.e., the upper bound
of the branch denoted by UB(S,C”). In this paper, we propose a
new alternated reduction-and-bound method, called A1tRB, which
is based on a binary partition of a branch B = (S, C) as below.

S=S8,USR, C=CrUCR. (1)
Let G[H] be a k-plex in the branch B such that G[H] is larger than
the largest k-plex G[S*] seen so far, i.e., |H| > |S*| + 1 (note that
other k-plexes have the size at most |S*| and thus can be ignored
during the exploration of the branch). Based on the above partition,
a k-plex G[H] in B can be divided into three parts as below.

H=SU(C,NH) U (CgnH). @)



Algorithm 2: Alternated reduction-and-bound: A1tRB
Input: A graph G = (V, E), a branch (S, C) and an integer k
Output: Refined candidate set C* and upper bound UB*

1 Sr,SR,Cr,CRr « Partition(G,S,C, k);

2 UBp « |CL|, LB « 0;

3 while UBp, is not equal to ComputeUB(St,Cr) do

4 UBj, «ComputeUB(Sy,CyL);

5 LBR « (|S*|+1) = |S| = UBL; Cr < RR1&RR2 on Cg;

6 UBR «ComputeUB(SR, Cr);

7 | LBy « (|S*|+1) - |S| - UBg; Ci. «— RR1&RR2 on Cy;

8 return C* « Cr UCg and UB* « |S|+ UBL + UBg;

We denote by LBy and UBy, (resp. LBg and UBR) the lower and
upper bounds of the size of C; N H (resp. Cgr N H), respectively.
Formally, we have

|CL NH| < UBy, |Cg NH| < UBg. 3)

Besides, we have the following lemma on the above partition.

LEMMA 4.1. Given a branch (S, C) with a partition, we have
ICLNH| > (IS*|+1)=|S|-UBg, |CRNH| > (IS"[+1)=|S|-UBL. (4)
Proor. This can be easily verified since otherwise if |Cp N H| <
(|S*| + 1) — |S| — UBg, we have |H| = |S| + |C, N H| + |CR N H| <

[S|+(]S*|+1) = |S| —UBR + UBR = |S*| + 1, which contradicts with
|H| > |S*| + 1. A similar contradiction can be derived for the other

case [CR NH| < (|S*|+1) — |S| - UBL. m|
Based on Lemma 4.1, we define LBy, and LBg as follows.

(IS*|+1) = |S| - UBr < LB, < |CL N H| (5)

(|S*|+1) —|S| - UBL < LBg < |CRNH| (6)

We note that Lemma 4.1 and Equations (5) and (6) indicate the
relation between the lower bound of one part and the upper bound
of the other, which enables A1tRB. We summarize A1tRB in Algo-
rithm 2, which iteratively and alternatively conducts the reduction-
and-bound step on the two partitions obtained via Partition (Line
1). Specifically, after initializing UBy, and LBy, in Line 2, ALtRB
involves the following steps (the details of the two procedures
Partition and ComputeUB are provided in Section 4.2).

e Step 1 (Bound on Cr). Compute the upper bound for Cy, (i.e.,
UBy) via a procedure ComputeUB (Line 4).

o Step 2 (Reduction on CR). Update the lower bound for Cp (i.e.,
LBR) by (]S*|+1) —|S| — UBL, according to Lemma 4.1 and then
refine Cg based on the updated bounds via reduction rules RR1
and RR2 (Line 5).

e Step 3 (Bound on Cg). Compute the upper bound for the refined
CR (i.e., UBR) via a procedure ComputeUB (Line 6).

o Step 4 (Reduction on Cr). Update the lower bound for Cr, (i.e.,
LBr) by (|S*|+1) — |S| = UBR according to Lemma 4.1 and then
refine Cy, based on the updated bounds via reduction rules RR1
and RR2 (Line 7).

Finally, we repeat Steps 1-4 until UBy remains unchanged (Line 3).
We remark that once tighter upper bounds are obtained at Step 1
and Step 3, tighter lower bounds can be derived via Lemma 4.1 at
Step 2 and Step 4 which will be used to boost the performance of
RR1 and RR2. Below find the details of reduction rules.
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RR1. Given a branch (S, C) with LBy, and LBg, 1) for a vertex
vin Cr, we remove v from C if [N (v, SUCy)| < LBL +|S| -k
or [IN(v,SUCR)| < LBr+|S|—k+1; and 2) for a vertex v in
CR, we remove v from C if [IN(v,SUCL)| < LBy +|S| —k+1
or [IN(v,SUCR)| < LBg +|S| — k.

RR2. Given a branch (S, C) with UB; and UBg, 1) if UB;, +
UBR +|S| = |S*| + 1 and UB, = |CL|, we move all vertices
in Cr, from C to S if G[S U Cr] is a k-plex; otherwise, i.e., it
is not a k-plex, we terminate the branch (S, C); 2) if UBy, +
UBg +|S| = |S*| + 1 and UBg = |Cg|, we move all vertices
in Cg from C to S if G[S U CR] is a k-plex; otherwise, i.e., it
is not a k-plex, we terminate the branch (S, C).

Benefits. Before proving the correctness, we show that A1tRB bet-
ter narrows down the search space than the existing SeqRB. The
rationale behind is based on the following observations. First, at
Step 2 and Step 4, RR1, and RR2 (which are based on UBy, UBR,
LBy, and LBR) will remove from C more vertices when the lower
bounds LBy, and LBg become larger and/or the upper bounds UBy,
and UBR become smaller; Second, at Step 1 and Step 3, with some
vertices being removed from Cr and Cg, smaller upper bound UBr,
and UBR can be derived via ComupteUB (details refer to Section 4.2),
and larger lower bounds LBy, and LBg can also be obtained via
Lemma 4.1; Third, as ALtRB iteratively proceeds, the bounding pro-
cess and the reduction process will benefit each other (since the
former will derive smaller upper bounds and larger lower bounds
after the latter while the latter will remove more vertices from C
after the former). In contrast, SeqRB cannot be conducted iteratively
since (1) its reduction rules are only based on |S*|, which will not
be changed after SeqRB and (2) thus repeating it multiple times
cannot result in either a smaller candidate set C or a smaller upper
bound. We remark that the refined set C* and the upper bound
UB* obtained by A1tRB is potentially smaller than those obtained
by SeqRB (which will be proved in Section 4.2). Thus, with the pro-
posed ALtRB, our algorithm kPEX runs up to two orders of magnitude
faster than the state-of-the-arts, as verified in our experiments.
Correctness. We then show the correctness of A1tRB. Note that
A1tRB admits an arbitrary partition on (S,C) and any possible
procedure for computing UBy, and UBp that satisfy Equation (3).

The correctness of RR1 can be proved by contradiction. Con-
sider a k-plex G[H] in branch B with |H| > |S*| + 1. Note that if
such a k-plex does not exist, RR1 is obviously correct since all k-
plexes in branch B are no larger than |S*| and thus branch B can be
terminated. In general, there are two cases. First, assume that G[H]
contains a vertex v in Cy, such that |[N(v,S U Cp)| < LBr + |S| — k.
We get the contradiction by showing that v has more than k non-
neighbours in H and thus G[H] is not a k-plex since |N (v, H)| =
IN(v, HN(SUCL))|+|N (v, HNCR)| < (LBL+|S|-k—-1)+|HNCR| <
(|S|+|HNCR|+|HNCr|) — (k+1) = |H| — (k+1). Second, assume
that G[H] contains a vertex v in Cp, such that [N(v,S U Cr)| <
LBR +|S| — k + 1. Similarly, we derive the contradiction by showing
that v has more than k non-neighbours in H and thus G[H] is not
a k-plex since |[N (v, H)| = [IN(o, HN (SUCR))|+|N(0,HNCy)| <
(LBR+|S|-k)+(|HNCL|-1) < (IS|+|HNCR|+|HNCL|) - (k+1) =
|H| — (k + 1) (note that [N(0, HN Cr)| < |[HNCr| — 1 since v is in
Cy, and is not adjacent to itself). Symmetrically, we can prove the
correctness for the reduction rules on Cg.




The correctness of RR2 is easy to verify. Consider a branch
(S,C) with UBL +UBRr +1S| = |S*|+1and UBL, = |CL|, and a k-plex
G[H] in (S,C) with |H| > |S*| + 1 (note that if such a k-plex does
not exist, RR2 is obviously correct on this branch). We note that
G[H] must contain all vertices in Cr, i.e., C; C H, since otherwise
[Hl=|HNS|+|HNCL|+|HNCg| < |S|+(|CLI-1)+|HNCR| <
|S| + UBL + UBR — 1 = |S*|. Therefore, G[S U Cr ] must be a k-plex
due to the hereditary property; otherwise, such a k-plex cannot
exist in (S, C) and we can terminate the branch.

The correctness of A1tRB can then be easily verified.

4.2 Upper Bound Computation and Greedy
Partition Strategy

In this part, we first introduce the method ComputeUB used at Step
1 and Step 3 for obtaining UB} and UBg in Section 4.1. To boost the
performance of ComputeUB as well as the reduction rules on Cr, and
Cg, we then propose a greedy strategy Partition for partitioning C
(resp. S) into Cr and CR (resp. St and Sg). Finally, with all carefully-
designed techniques above, we show that the resulted upper bound
UB* will be potentially smaller than the existing one UB.

Upper bound computation. We adapt an existing upper bound

computation [35], which we call ComputeUB, for obtaining UBy, and
UBR. Note that it can handle an arbitrary partition on a branch
(S,C). Consider Step 1 for computing UBy. ComputeUB(St,Cr)
first iteratively partitions Cr, into (|Sr| + 1) disjoint subsets. The
i-th (1 < i < |Sg|) subset IT;(Sr, Cr) contains all non-neighbours
of avertex u; € Sy in Cp — {I1; (S, C¢), ..., I1;—1(St, Cr) }, formally,

™

where u; is the vertex in Sy \ {u1, up, ..., uj—1} with the largest ratio
of |N (us, C};)l/(k — [N (u3,9)]). Note that the strategy of selecting
u; from Sy has been shown to boost the practical performance of
ComputeUB (details refer to [35]). Besides, we have I1y(S,Cr) =
Cp — {11 (8L, CL), - 15, | (SL, CL) }- Thus, vertices in I1;(Sg, Cr)
(1 < i < |Sg]) are the non-neighbours of u; in Cr, and vertices
in IIp(Sg, Cr) are common neighbours of vertices in Sy. The key
observation is that for a k-plex G[H] in the branch, C; N H contains
at most min{|I1; (S, Cp)|, k — [N (ui, S)|} vertices from I1;(Sr, Cr)
for1 < i < |Sg| since otherwise u; (in H) will have more than k
non-neighbours in G[H]| and thus G[H] is not a k-plex. Thus, the
upper bound UBy returned by ComputeUB(St,Cr) gives as below:

I0;(S, Cr) = N(u;, C}), Cj = C = UiZ{T(S1, CL),

[SL|

(St C)l + ) min{|T(SL, Co)l, k = [N (ui, $)1}-
i=1

®

We note that with some vertices being removed from Cy during
ALtRB, I1;(Sr, Cr) will get smaller and thus a smaller upper bound
can be derived. Similarly, we can obtain UBg by ComputeUB(Sg, CR).
Besides, we remark that the state-of-the-art upper bound of k-plex
in the branch (S, C) (used in SeqRB) is |S|+ComputeUB(S, C) [35].

Greedy partition. We first note that finding the “best” partition
towards pruning the largest number of vertices from the candidate
set C is hard to solve since (1) the newly proposed reduction rules
RR1 and RR2 are non-trivial and depend on the largest k-plex
S* seen so far, and (2) the number of possible binary partitions is
exponentially large, i.e., 0(2I51*1€1)_ As a result, it is theoretically
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untraceable how different partition methods affect the overall per-
formance of kPEX. Hence, we propose to explore heuristic partitions
towards achieving better practical performance.

Consider the upper bound computation at Cr, (Equation (8)). We
observe that all vertices in I1y(Sr, Cr) contribute to the upper bound
ComputeUB(Sy, Cr) since each of them connects to all vertices in
Sp; thus, they could appear in a k-plex in branch (S, C). The similar
observation can be derived on other subsets I1;(S;, Cy ) such that
IN(ui,Cl)| < k= [N(ui,S)| and 1 < i < [Sg| (note that there
are fewer missing edges between Sy and those subsets). Thus, the
adapted upper bound computation performs worse on those subsets.

Motivated by the above observation, we propose to divide S and
C into the one (Sp and Cr) with more missing edges and the other
(Sr and Cg) with fewer missing edges. We summarize the proposed
strategy in Algorithm 3. Specifically, we iteratively remove from
S to St (resp. from C to Cr) the vertex v with the greatest value
of [N(v,C)|/(k — [N (v, S)|) (resp. the set of v’s non-neighbours in
C,ie., N(v,C)) until the greatest value of |[N(o,C)|/(k — [N (v, S)|)
is not greater than 1 or S becomes empty (Lines 2-6). Then, all
remaining vertices in S and C will be removed to Sg and Cgr (Line
7). We observe that (1) ComputeUB(Sg,Cr) will return a tighter
bound since |N (u;, C£)| > k — [N (u;, )| holds for 1 < i < |S; | and
ITo(Sz, Cr) = 0, and (2) ComputeUB(Sg, CR) is always equal to |Cg|.

Consider a branch (S, C) (which has been refined by SeqRB) with
the upper bound UB = |S|+ComputeUB(S, C). With the proposed
techniques, A1tRB will further narrow down the search space of
(S, C) by the following observation.

UB* < UBand |C*| < |C|. 9)

We note that |C*| < |C| is obvious since some vertices in C could
be removed via RR1 and RR2. Besides, UB* < UB holds since (1)
ComputeUB(S, C) =ComputeUB(St, Cr)+ComputeUB(Sg, Cgr) before
AL1tRB (which can be verified based on the definitions) and (2) as
A1tRB proceeds, C; and Cp are refined via RR1 and RR2, and thus
ComputeUB(St, Cr) and ComputeUB(Sg, Cr) get smaller.

Benefits of greedy partition. Compared with a random partition,

the greedy partition in Algorithm 3 has the following advantageous
properties. (1) A tight upper bound of Cy, leads to a larger LBg,
which enhances the effectiveness of RR1. (2) UBg = |CR| is always
satisfied, which means that RR2 is applicable as long as UB +UBg+
IS| = |S*| + 1. In other words, the conditions for RR2 are more
relaxed. Moreover, computing UBR as |Cg| is easy to implement
and requires less computation. In addition, we remark that with our
proposed greedy partition method Partition, A1tRB can prune
more vertices from C compared to SeqRB in theory, as shown in
Equation (9), while other partition methods may not.

4.3 Summary and Analysis

Time complexity. We analyze the time complexity of A1tRB as
follows. (1) ALtRB first invokes Partition (Algorithm 3). Specifi-
cally, Lines 2-6 of Algorithm 3 will be conducted at most |S| times,
and each iteration needs to compute |[N(o,C)| for each v € S,
which can be done in O(|S| X |C|). Thus, the time complexity of
Partition is O(|S|?|C|). (2) ALtRB then iteratively processes Lines
3-7 of Algorithm 2. We note that ComputeUB(S, C) can be computed
in O(|S|?|C|) [35] (Lines 4 and 6). For reductions rules in Lines 5



Algorithm 3: Partition(G,S,C, k)

Input: Branch (S, C), a graph G = (V, E), and an integer k
Output: The greedy partition Sg, Sg, Cr and Cr

SL <—0,SR<—0,CL<—0,CR<—@;

2 while S # 0 do

3 v* — argmaxyes [N (v,C)|/(k = [N(0,5)]) ;

4 if [N (0*,C)|/(k - [IN(v*,S)|) < 1then break;
5 Sy « Sy U {v*}, Cp « CL UN(v*,C);

6 S« S\ {v*},C«— C\N(2"C);

SR« S,Cr < C;

return Sy, Sg, Cr. and Cg;

—-

~

3

s S, il Sk Round 1:
1.UB, =1
G Cr 2.LBr=1|S"|+1—1|S|—UB, =3

3.UBr=4

4.LB, = |S*|+1—|S|-UBr=0
reduce C usingRR1=> C, = @

Round 2:

1.UB, =0

2. LB =|5*|+1—|S|-UB, =4
reduce Cg using RR1 or RR2
=> pruned

Figure 1: An example of ALtRB with k = 2, |S*| =5, S = {v1,02},
C = {v3, 04,05, 06,07, 08}

and 7, RR1 iteratively removes the vertex in Cg with minimum
IN(v,SUCyL)| (or [N(0v,S U CR)|), and RR2 checks whether S U Cg
is a k-plex. Both rules can be done in O(|C| X (|S| + |C])). (3) We
also know that |S| is bounded by §(G) + k; otherwise, we have a
k-plex G[S] with |S| > 8(G) + k, which will form a (§(G) + 1)-core
and thus contradict the definition of §(G); |C| is bounded by §(G)d
since V(g) at Line 5 of Algorithm 1 is bounded by §(G)d [17, 54].
(4) Let r be the number of iterations of Lines 3-7 of Algorithm 2.
The number of r is quite small in practice (e.g., r = 1.13 on average
in our experiments) and is bounded by |C| (i.e., 6(G)d) since at least
one vertex is removed from C in each round until C becomes empty.
Thus, ALtRB (Algorithm 2) runs in O(r x (|S|?|C| + |C|?)) =
0(8(G)3d® + k28(G)%d?), where 8(G) is much smaller than d and
n in real graphs, as shown in Table 1 (§(G) < d < n in theory).
Space complexity. We note that our kPEX has the space complex-
ity of O(m + n), which is the same as the SOTA algorithm kPlexT.
In specific, in Stage-I, CF-CTCP needs to maintain two sets Q, and
Qe, which have the size of O(n + m) and thus dominate the space
complexity. In Stage-II, BRB_Rec recursively maintains three global
data structure, namely g, S, and C, for each branch, which dominate
the space complexity. Here, graph g is obtained at Line 5 of Algo-
rithm 1 and thus has the size bounded by O(n + m). S and C are
two disjoint vertex sets and have the size bounded by O(n) clearly.
Example. To illustrate the proposed A1tRB, consider an example in

Figure 1 with k=2,|S*| =5, S = {v1,v2} and C = {vs, v4,vs, vg, v7, V8 }.

First, we apply the greedy partition (Algorithm 3) and obtain Sy =
{v1}, Sk = {02}, Cr = {v3,04}, and Cgr = {vs, v6,07,08}. Then, in
the first round of A1tRB (Lines 4-7 in Algorithm 2), we conduct the
four steps. (Step 1) Compute the upper bound of Cr, i.e., UBy = 1.
(Step 2) Update the lower bound of Cg (i.e., LBg = 3) and reduce Cg

368

via RR1 and RR2 (no vertices are removed). (Step 3) Compute the
upper bound of Cg, i.e., UBR = 4. (Step 4) Update the lower bound
of Cr, (i.e., LBR = 0) and reduce Cy, via RR1and RR2 (Cy, is reduced
to an empty set). Next, in the second round with Cy = 0, we (1) com-
pute UBL = 0, and (2) update LBg = 4 and reduce Cg. If we first ap-
ply RR1to Cg, vs, v6, v7 and vg will be removed, and finally compute
the upper bound as UB* = |S|+|UB|+|UBg| = 2+0+0 = 2, result-
ing in pruning. If we first apply RR2, both UB +UBgr+|S| = [$*|+1
and UBR = |CR| are satisfied. We then find that G[S U Cg] is not
a k-plex, which means that RR2 also leads to pruning. Actually,
the size of maximum 2-plex is 5, indicating that the branch (S, C)
cannot find a larger 2-plex, and thus this branch can be pruned
by A1tRB. However, without A1tRB, the existing method [35] will
compute an upper bound as UB =UBL + UBg + S| =1+4+2=17,
which cannot prune the current branch.

Remarks. We remark that the existing reduction rules proposed
in [11, 12, 53] are all based on |S*| and thus orthogonal to A1tRB.
We conduct some of these reduction rules to improve practical per-
formance, including (1) additional reduction on subgraph g (Lemma
3.2 in [11] and Reduction 2 in [53]) in Line 5 of Algorithm 1, and
(2) reduction on C before A1tRB (RR4 in [11] and Algorithm 3
in [12]). Besides, A1tRB is also orthogonal to the branching rules
for selecting the branching vertex and forming the sub-branches.

5 EFFICIENT PRE-PROCESSING TECHNIQUES

In this section, we develop some efficient pre-processing techniques
for further boosting the performance of BRB algorithms, namely,
CF-CTCP for reducing the size of the input graph in Section 5.1 and
KPHeuris for heuristically computing a large k-plex in Section 5.2.
We note that CF-CTCP and KPHeuris are orthogonal to the branch-
and-bound methods including our kPEX. In specific, as shown in
Algorithm 1, they are conducted at Stage-I, which are prior to ap-
plying the branch-and-bound method kPEX at Stage-II. Besides, we
note that with KPHeuris and/or CF-CTCP, our kPEX would achieve
better performance, as verified in the experiments, i.e., Table 5.

5.1 Faster Core-Truss Co-Pruning: CF-CTCP

Let Ib be the lower bound of the size of the largest k-plex (which
corresponds to the size of the largest k-plex G[S*] seen so far).
We also let A(u,v) be the set of common neighbors of u and v in
G, ie., A(u,v) = Ng(u) N Ng(v). The idea of refining the input
graph G is to remove from G those vertices and edges that cannot
appear in any k-plex larger than Ib as many as we can. Existing
methods [11, 35, 63] are all based on the following lemmas and
differ in the implementations (the details of proof is omitted).

LEMMA 5.1. (Core Pruning [27]) For each vertex u € V(G), u
cannot appear in a k-plex of size b + 1 ifdg(u) < Ib — k.

LEMMA 5.2. (Truss Pruning [63]) For each edge (u,v) € E(G),
(u,v) cannot appear in a k-plex of size Ib + 1 if g (u,v) < Ib - 2k
where 5G(u,v) is the number of common neighbors of u and v, i.e.,
0 (u,v) = |A(u,v)|.

Note that the time complexities of core pruning and truss pruning
are O(m) [4] and O(m x §(G)) [51], respectively. The above two
lemmas identify those unpromising vertices and edges that can be
removed from G. In particular, with some vertices or edges being



removed from G, the remaining vertices u and edges (u,v) have
dg(u) and 8 (u, v) decreases, respectively; and then more vertices
and edges can be removed. Therefore, the core pruning (resp. the
truss pruning) can be conducted in an iterative way.We remark
that the state-of-the-art method called the core-truss co-pruning
(CTCP [11]) iteratively conducts the truss pruning and then the core
pruning in multiple rounds until the graph remains unchanged.
However, we observe that CTCP is still inefficient due to potential
redundant computations. This is because (1) CTCP performs the
truss pruning and the core pruning separately at each round (i.e.,
first remove a set of edges via the truss pruning and then remove
one unpromising vertex via core pruning), (2) the truss pruning
has the time complexity of O(m x §(G)) lager than O(m) for the
core pruning, and (3) we note that during the truss pruning, some
vertices can be removed via the more efficient core pruning while
the truss pruning will iteratively check all their incident edges and
then remove some of them (which is very costly).

To improve the practical efficiency of CTCP, we propose a new
algorithm called the core-pruning-first core-truss co-pruning (or
CF-CTCP), which differs from CTCP in the way of conducting prun-
ing at each round. Specifically, at each round, it first removes all
unpromising vertices and then removes one unpromising edge (re-
call that CTCP first removes all unpromising edges and then one
unpromising vertex). The benefit is that unpromising vertices can
be removed immediately via efficient core pruning. Note that our
CF-CTCP has the same output but requires less computation com-
pared to CTCP. Given the integer k and the lower bound Ib, both
CF-CTCP and CTCP reduce the input graph G to the maximal sub-
graph that is (Ib + 1 — k)-core and (Ib + 3 — 2k)-truss.

The main idea of CF-CTCP is to conduct core pruning thoroughly
as follows: 1) if we identify an edge that can be removed, we will
immediately remove this edge, even if we have not yet finished
computing A(+, -) (i.e., all triangles for each edge); 2) after removing
an edge (u,v), we will check whether u or v can be reduced by core
pruning. Note that after removing an edge (u,v), we postpone the
action of updating A(u, -) and A(v, ) since it is time-consuming and
there may lead to redundant computations. For example, if both
vertices u and v will be removed by core pruning later, updating
A(u,-) and A(v, -) is not necessary.

Our proposed CF-CTCP is shown in Algorithm 4. The input of
CF-CTCP includes: 1) a set of vertices Q,, which stores the vertices
that need to be removed; 2) two integers 7, = [b—k and 7, = [b—2k
that serve as thresholds for the numbers of degrees and triangles for
pruning, respectively; 3) a boolean value Ib_changed which is true
if a larger k-plex is found in kPEX and KPHeuris (Algorithm 1 and
Algorithm 5). We note that both kPEX and KPHeuris (Algorithms 1
and 5) invoke CF-CTCP multiple times. For example, KPHeuris in-
vokes CF-CTCP by calling CF-CTCP(G, 0, Ib — k, Ib — 2k, true) when
it finds a larger heuristic k-plex of size Ib.

We then describe the details of CF-CTCP in steps. First, we de-
sign a procedure called RemoveEdge (Lines 21-24) to remove one
unpromising edge in Line 21 and all current unpromising vertices
in Line 22 via core and truss pruning. The set of removed edges to
be considered (due to Lines 21 and 22) is pushed into Q,, which
will be used to update A(-, -) later. Second, Lines 5-6 initialize the
sets of common neighbours A(-, -) if CF-CTCP is invoked for the
first time. Whenever we find an edge (u,v) that can be reduced, we
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Algorithm 4: CF-CTCP(G = (V, E), Qu, 7o, Te, Ib_changed)

Input: A graph G = (V, E), the set of vertices to be removed Q,
two integral thresholds 7, and 7., a boolean value
Ib_changed

Output: The reduced graph which is the maximal subgraph in G

that is both a (7, + 1)-core and a (7, + 3)-truss

Remove the vertices in Q, from G and reduce G to the maximal

[

(7p + 1)-core by core pruning;

N

Initialize the set of removed edges to be considered Q. « {edges
removed at Line 1};
3 if Ib_changed then
4 for each (u,v) € E do
5 if CF-CTCP is invoked for the first time then
6 | A(w,0) « Ng(u) N Ng(0);
7 if |A(u,v)| < 7. then
8 L Qe «— QU RemoveEdge(G, (1, 0), 7p);
9 while Q. # 0 do
(u,v) « pop an edge from Qe;
if u € V then
for each w € Ng (u) satisfying v € A(u, w) do
Remove v from A(u, w);
if |A(u, w)| < 7. then
L Qe «— Q.U RemoveEdge (G, (1, w), 7p);

10
11
12
13
14
15

if v € V then
for each w € NG (v) satisfyingu € A(v, w) do
Remove u from A(o, w);
if |A(v, w)| < 7o then
L Qe «— Q.U RemoveEdge (G, (v, w), 7p);

16

17
18
19
20

Procedure: RemoveEdge (G, (u, v), 7p)
Output: The set of removed edges to be considered Q.

21 Remove the unpromising edge (u, v) from G;

-

22 Reduce G to the maximal (7, + 1)-core by core pruning;
Initialize the set of removed edges to be considered Q. «— {edges
removed at Lines 21-22};

return Q,;

2

@

24

invoke the procedure RemoveEdge to remove (u,v) immediately in
Line 8. Third, we postpone the action of updating A(-, -) to Lines
9-20. Lines 11-20 consider the effect of each removed edge (u,v) by
traversing all the triangles that (u,v) participates in. Specifically,
Lines 11-15 traverse each edge (u, w) € E satisfying v € A(u, w),
i.e., u,0,w can form a triangle, then we update A(u, w) and check
whether edge (u, w) can be reduced. Lines 16-20 consider the edges
connected to v, which is similar to Lines 11-15. Note that in Lines
15 and 20, if we find an edge that can be reduced, we invoke the
procedure RemoveEdge to remove the edge immediately.

Time complexity. We analyze the time complexity of CF-CTCP
(Algorithm 4), including all invocations in kPEX, in the following.

LEMMA 5.3. The total time complexity of all invocations in KPEX

(Algorithm 1 which includes invocations in the heuristic processKPHeuris

in Algorithm 5)) to CF-CTCP (Algorithm 4) is O(m x 5(G)).

The omitted proof, along with an implementation of CF-CTCP
with O(m) memory usage, is provided in the technical report [29].



Algorithm 5: KPHeuris(G, k)
Input: A graph G = (V, E) and an integer k > 1
Output: The vertex set S of a heuristic initial k-plex G[S]
S « Degen(G, k), b « |S];
Apply CF-CTCP for refining G based on [b;
for each v; € V(G) do

g — G[{vi, Vis15 - On} N N=2(0;)]; S” < Degen(g, k);

if |S’| > |S| then

S« S, Ib|S|;
L Apply CF-CTCP for refining G based on [b;

return S;

—-

)

N

N1

3

Procedure: Degen(G, k)
Output: The vertex set S of a heuristic maximal k-plex in G
9 01,02, ..., Up — the degeneracy order of vertices in V(G);
S« 0;
fori=ntoldo
L if G[SU{v;}] isak-plex then S «— SU {v;};

10

1

=y

1

)

13 return S;

Remarks. First, the time complexity of CTCP is O(m X 6(G) + m X
k)=0(mé(G)), requiring that k is a small constant. However, k is
up to n in theory and the time complexity of our CF-CTCP is always
O(mé8(G)) for all possible values of k. Second, we do not consider
the update of A(+,-) when removing a vertex because removing a
vertex is equivalent to first removing all the edges connected to
this vertex and then removing this isolated vertex. Therefore, we
only consider the removed edges for updating A(-, -). Third, the
acceleration of CF-CTCP can be attributed to two main factors: 1) we
do not need to compute the numbers of triangles for the edges that
can be removed by core pruning; 2) for an edge (u,v) to be removed
such that both u and v are already removed by core pruning, we
do not need to traverse related triangles to update A(-, -). Note that
if we cannot remove any vertex or edge, the time consumption of
CF-CTCP will be the same as CTCP in theory, which is due to the
fact that both of them need to compute A(-,-) in O(m X §(G)).

5.2 Compute a large k-plex: KPHeuris

We introduce a heuristic method KPHeuris for computing a large
initial k-plex. Note that such an initial k-plex offers a lower bound
1b, which helps to narrow the search space; and the larger the lower
bound is, the more search space can be refined. Therefore, KPHeuris
is designed for obtaining a large k-plex efficiently and effectively.
We summarize KPHeuris in Algorithm 5, which relies on a sub-
procedure (called Degen) for computing a large k-plex. Specifically,
Degen iteratively includes to an empty set S a vertex in a graph
G based on the degeneracy ordering while retaining the k-plex
property of G[S] until we cannot continue (Lines 9-12). To com-
pute a larger k-plexes, KPHeuris further generate n subgraphs
from G, each of which corresponds to a vertex in G (Lines 3-4);
it then invokes Degen on each of them to obtain a k-plex (Line
4); it finally returns the largest one among n + 1 found k-plexes.
Note that the subgraph related to v; is the subgraph induced by
{05, 0i41, .- 0n } NN =2 (0;) where N=2(u) denotes u’s neighbors and
u’s neighbors’ neighbors, and the rationale is that it can make the
subgraph smaller and denser, which tends to find a larger k-plex
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easier. The time complexity of Degen is O(m), and we will invoke
it at most n + 1 times, thus the total time complexity of computing
heuristic solutions in Algorithm 5 is O(nm). We remark that the
total time complexity of all invocations of CF-CTCP is O(md(G)) be-
cause we invoke CF-CTCP in KPHeuris only when we find a larger
k-plex, i.e., Ib_changed = true, as shown in Lemma 5.3. Thus, the
time complexity of KPHeuris is O(md(G) + nm) = O(nm).
Compared with existing heuristic methods. There are two state-
of-the-art heuristic methods: kP1lex-Degen ([11]) and EGo-Degen
([12]). kP1lex-Degen computes a large k-plex by iteratively remov-
ing a vertex from the input graph G based on a certain ordering
until the remaining graph becomes a k-plex. KPHeuris differs from
kPlex-Degen in two aspects. First, Degen computes a large k-plex
by iteratively including a vertex, which is more efficient since the
size of the largest k-plex is usually much smaller than the size
of the input graph (especially for real-world graphs) and can al-
ways return a maximal k-plex, while kPlex-Degen cannot. Sec-
ond, KPHeuris further explores n subgraphs instead of the input
graph G, which tends to obtain a larger k-plex as empirically ver-
ified in our experiments. EGo-Degen extracts a subgraph g, for
each vertex v and invokes kPlex-Degen to compute a k-plex in g,.
Then, EGo-Degen selects the largest k-plex among those computed
on n subgraphs as the initial heuristic k-plex. KPHeuris differs
from EGo-Degen in three aspects. First, the method of subgraph
extraction is different. For a vertex v € V(G), EGo-Degen extracts
Jo = G[{vi, vi+1, .., on} N NG (v;)], while our KPHeuris generates
a subgraph g}, = G[{0;, i+1, ..., on} N N=2(v;)]. It is easy to verify
that g, C ¢/, due to NG (v;) € N=2(v;). Additionally, a larger sub-
graph tends to contain a larger k-plex, as verified in Table 6. Second,
EGo-Degen computes k-plexes by invoking kPlex-Degen, which
implies that it may find a non-maximal k-plex as mentioned above.
Third, once a larger k-plex is found, KPHeuris updates [b and re-
moves unpromising vertices/edges immediately, while EGo-Degen
does not reduce the graph until n heuristic k-plexes are computed.

6 EXPERIMENTAL STUDIES

We test the efficiency and effectiveness of our algorithm kPEX
by comparing with the state-of-the-art BRB algorithms, namely,
kPlexS ([11]), KPLEX ([53]), DiseMKP ([35]) and kPlexT ([12]).
Setup. For all baselines, we use the source code from the authors.
All algorithms are written in C++ and compiled with -O3 optimiza-
tion by g++ 9.4.0. Moreover, all algorithms are initialized with
a lower bound of 2k — 2 to focus on finding k-plexes with at
least 2k — 1 vertices. All experiments are conducted in the single-
thread mode on a machine with an Intel(R) Xeon(R) Platinum 8358P
CPU@2.60GHz and 256GB main memory. The CPU frequency is
fixed at 3.3GHz. We set the time limit as 3600 seconds and use
OOT (Out Of Time limit) to indicate the time exceeds the limit. We
consider six different values of k, i.e., 2, 3, 5, 10, 15, and 20. We focus
on the case of k = 5, and defer the experiments for other values of
k to the appendix of the technical report [29]. We also note that the
major findings for k = 5 hold for other values of k.

Datasets. We consider the following two collections of graphs.

e Network Repository [2]. The dataset contains 584 graphs with
up to 5.87 x 107 vertices. Most of them are real-world graphs.



Table 1: Statistics of 30 representative graphs

Table 2: Number of solved instances within 3600 seconds

D Graph n m density dmax 5(6) Network-Repository DIMACS-2
G1 | johnsons-4-4 70 1855 | 7.68- 107" 53 53 Solvers\k | 2 3 5 10 15 20 |2 3 5 10 15 20
G2 | C125-9 125 6963 8.98-107" | 119 102
G3 | ellera 71 9435 629 10T | 12 102 KPEX 567 564 565 564 559 559 |29 28 27 22 23 26
Gi | brock2002 300 9876 196 10T | 11 o KPLEX 564 553 557 552 548 546 | 27 23 18 17 22 21
G5 | sanz00-0-9-1 200 7910 900 10T | 191 162 kPlexT | 559 557 554 537 507 471 |25 24 17 14 20 21
G6 | san200-0-9-2 200 7910 900 10-T | 188 169 kPlexS | 559 553 547 549 547 539 | 22 20 15 15 20 21
G7 | san200-0-93 200 7910 | 900107 | 187 169 DiseMKP | 533 520 506 471 425 413 |27 25 17 16 21 18
G8 | p-hat300-1 300 10933 | 2.44-101 | 132 49
G9 | p-hat300-2 300 21928 | 4.89-1071 | 229 98
G10 | p-hat500-1 500 31569 | 2.53-10" | 204 86 —— KPEX (ours) —é— kPlexT —o— DiseMKP  —— KPEX (ours) —s— KPlexT —o— DiseMKP
Gl11 | soc-BlogCatalog-ASU 10312 333983 | 6.28-107° 3992 114 5 KPLEX 5 kPlexs 550 KPLEX —5— kPlexs
G12 | socfb-Ulllinois 30795 1264421 | 2.67-107° | 4632 85 .60 8es0
G13 | soc-themarker 69413 1644843 | 6.83- 10 | 8930 164 Bss0 8550
G14 | soc-BlogCatalog 88784 2093195 | 5.31-10 1 | 9444 | 221 a0 a0
G15 | soc-buzznet 101163 | 2763066 | 5.40-107% | 64289 | 153 T30 ; > Bszo
G16 | soc-LiveMocha 104103 | 2193083 | 4.05-10* | 2980 92 Ss20 // Ss20 .
G17 | soc-wiki-conflict 116836 | 2027871 | 2.97-10°% | 20153 | 145 #*0 / *. 10
G18 | soc-google-plus 211187 1141650 | 5.12-10° | 1790 135 5 ® th‘?mgﬂ("segw 1800 3600 s ® @t‘?mg“(“seg"“ 4800 5600
G19 | soc-FourSquare 639014 3214986 1.57-107° | 106218 63
G20 | rec-epinions-user-ratings 755760 | 13667951 | 4.79-107° | 162179 | 151 (a) k=2 (b) k=3
G21 | soc-wiki-Talk-dir 1298165 | 2288646 | 2.72-10° | 100025 | 119
G22 | soc-pokec 1632803 | 22301964 | 1.67- 107> | 14854 47 0370 070
G23 | tech-ip 2250498 | 21643497 | 85510 © | 1833161 | 253 g560 gs60
G24 | ia-wiki-Talk-dir 2394385 | 4659565 | 1.63-107° | 100029 | 131 2550 Sss0
G25 | sx-stackoverflow 2584164 | 28183518 | 8.44-10°° | 44065 | 198 Ss40 Ss40
G26 | web-wikipedia_link_it 2790239 | 86754664 | 2.23- 105 | 825147 | 894 530 $s30
G27 | socfb-A-anon 3097165 | 23667394 | 4.93-107° | 4915 74 2520 2520
G28 | soc-livejournal-user-groups | 7489073 | 112305407 | 4.00 - 10~° | 1053720 116 #510 S P o o #510 z y T o o
G29 | soc-bitcoin 24575382 | 86063840 | 2.85- 107 | 1083703 | 325 T imdleed % T ime e ¥
G30 | soc-sinaweibo 58655849 | 261321033 | 1.52- 1077 | 278489 | 193
() k=5 (d) k=10
250
¢ 2nd-DIMACS (DIMACS-2) Graphs [1]. The dataset contains §sz 20
g I
80 synthetic dense graphs with up to 4000 vertices. Most graphs Zas0 gs30
are synthetic, which are often hard to be solved [35, 36, 53]. Eszo E:ig
[=] 1 [=]
For better comparisons, we select 30 representative graphs from ﬁzoz ]
the above 664 graphs and report the statistics in Table 1, where T e T mdlee”

2m

n(n—1
criteria of selecting the(:se répresentative graphs are as follows. First,
following [53], we do not select extremely easy or hard graphs,
i.e., those graphs that can be solved within 5 seconds by all five
solvers or cannot be solved within 3600 seconds by any solver when
k = 5. Second, the representative graphs cover a wide range of sizes.
Among the selected graphs, 10 small dense graphs (G1-G10) are
synthetic graphs from DIMACS-2 Graphs, 10 medium graphs
(G11-G20) with at most 10° vertices, and 10 large sparse graphs
(G21-G30) with at least 10° vertices are real-world graphs from
Network Repository. Third, most of the representative graphs
have also been selected in previous studies [36, 53, 56].

the graph density is and the maximum degree is dpqx. The

6.1 Comparing with State-of-the-art Algorithms

Number of solved instances on two collections of graphs. We
compare kPEX with four baselines by reporting the numbers of
solved instances. The results for Network Repository are shown
in Table 2 and Figure 2. We observe that kPEX outperforms all base-
lines for all tested values of k. For example, kPEX solves 12 instances
more than the best baseline KPLEX for k = 10 within 3600 seconds.
In addition, our kPEX is more stable than baselines when varying k.
In contrast, there is an obvious drop in solved instances for kPlexT
and DiseMKP as k increases from 2 to 20. This demonstrates the
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(e) k=15 (£) k=20

Figure 2: Number of solved instances on Network Repository
(The lines corresponding to DiseMKP and kPlexT may not ap-
pear in the figures, as they are slow under certain settings
and thus cannot reach the bottom lines within 3600 seconds.)

superiority of kPEX, which employs the ALtRB strategy (with novel
reduction and bounding techniques) and efficient pre-processing
methods. The results on the collection of DIMACS-2 Graphs are
shown in Table 2 and Figure 3. kPEX outperforms all baselines by
solving the most instances with 3600 seconds for all tested k values,
e.g., KPEX solves 9 instances more than the second best solver KPLEX
for k = 5. Besides, we note that kPEX is comparable with DiseMKP
when k = 2. This is because the proposed reduction rules and upper
bounding method are less effective for small values of k.

Running time on representative graphs. We report the running

times of all algorithms on 30 representative graphs with k = 5 in
Table 3. We observe that kPEX outperforms all baselines by achiev-
ing significant speedups on the majority graphs. For example, kPEX
runs at least 5 times faster than KPLEX on 25 out of 30 graphs and at
least 5 times faster than kP1exT on 21 out of 30 graphs. Moreover,
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Figure 3: Number of solved instances on DIMACS-2

there are 7 out of 30 graphs where kPEX runs at least 100 times
faster than all baselines. Note that kPEX may exhibit slower per-
formance compared to baselines on rare occasions. For instance,
kPlexT runs faster than kPEX on G23 with k = 5. The possible rea-
sons are as follows. First, both kPEX and kP1exT find the result after
the pre-processing procedure, as verified by Ib in Table 6. Thus, they
have the running time dominated by the pre-processing method.
Second, our pre-processing methods (i.e., CF-CTCP and KPHeuris)
have the time complexity of O(nm), and thus they cost more than
the existing one with the time complexity of O(dm).

Memory usage on representative graphs. We evaluate the space

consumption by measuring the peak memory usage in Table 4. We
can observe that our kPEX achieves comparable memory usage
compared to the state-of-the-art algorithm kP1lexT, which is also
aligned with our theoretical analysis.

6.2 Effectiveness of Proposed Techniques

We compare the running time of kPEX with its variants:

o kPEX-SeqRB: kPEX replaces A1tRB with SeqRB (Section 4).

o kPEX-CTCP: kPEX replaces CF-CTCP with CTCP ([11]).

e kPEX-EGo: kPEX replaces KPHeuris with the existing heuristic
method EGo-Degen in [12].

o kPEX-Degen: kPEX replaces KPHeuris with the existing heuristic
method kPlex-Degen in [11].

Effectiveness of AL1tRB. We compare kPEX with kPEX-SeqRB in

Table 5. We observe that kPEX outperforms kPEX-SeqRB by achiev-

ing at least a 5x speedup on 12 out of 30 graphs and up to 20X
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Table 3: Running time in seconds of kPEX and state-of-the-
arts on 30 graphs with k =5

ID | kPEX (ours) | KPLEX kPlexT kPlexS DiseMKP
G1 4.02 | 1154.76 118.88 186.90 53.21
G2 1324.85 Oo0T OO0T Oo0T Oo0T
G3 1485.70 O0T 00T 00T O0T
G4 297.49 OOT 3063.87 O0T O0T
G5 0.14 0.29 34.64 1369.22 0.13
G6 24.11 O0T 00T O0T 00T
G7 421.54 OooT Oo0T O0T 00T
G8 2.17 567.84 20.29 O0T 26.83
G9 2.75 411.26 O0T 00T 00T
G10 186.24 OOT 1291.16 O0T 1098.71
G11 4.02 | 1766.68  2295.12 O0T O0T
G12 0.49 1.30 0.66 1.54 426.92
G13 53.98 O0T 00T 00T 00T
G14 901.50 ooT O0T Oo0T 00T
G15 20.89 O0T 00T O0T O0T
G16 1.81 58.82 26.94 1659.47 870.09
G17 1.63 | 3022.10 122.12 Oo0T O0T
G18 0.86 | 2804.46 1721.30 1088.71 O0T
G19 0.82 3.59 2.28 1.98 1639.76
G20 4.32 795.20 205.57 73.81 1296.59
G21 3.00 961.06 1491.24 00T 00T
G22 2.43 13.58 3.10 13.88 16.20
G23 12.89 136.61 4.84 9.57 O0T
G24 5.56 | 2979.37 3079.64 00T 00T
G25 3.63 92.05 199.73 Oo0T 00T
G26 4.87 700.66 6.84 40.58 8.49
G27 2.43 14.52 443 16.73 48.41
G28 132.41 ooT OOT  2078.00 00T
G29 6.01 312.93 00T O0T O0T
G30 589.81 O0T O0T O0T 00T

faster on G6. This indicates the effectiveness of A1tRB in narrowing
down the search space. Besides, ALtRB contributes more speedups
on synthetic graphs G1-G10 since the running time is dominated
by the branch-reduction-and-bound stage on these graphs.
Effectiveness of CF-CTCP. We compare kPEX with kPEX-CTCP, and
the running times are reported in Table 5. First, kPEX and kPEX-CTCP
have similar performance on G1-G10 because the pre-processing
techniques take little time (e.g., less than 1 second) on these syn-
thetic graphs. Second, kPEX runs at least 5 times faster than kPEX-CTCP
on 8 out of 20 real-world graphs. Moreover, CF-CTCP provides at
least 50x speedup on G20 and G23. These results show the effec-
tiveness of CF-CTCP on large sparse graphs.

Effectiveness of KPHeuris. We compare kPEX with its variants
kPEX-EGo and kPEX-Degen (note that CF-CTCP is not replaced). The
running times are shown in Table 5. We have the following obser-
vations. First, the running time of kPEX is less than that of both
variants on the majority of graphs (i.e., on 24 out of 30 graphs).
Then, kPEX runs at least 5 times faster than kPEX-EGo on 5 out of
30 graphs and faster than kPEX-Degen on 4 out of 30 graphs. In
addition, KPEX runs at least 25 times faster than both kPEX-EGo and
kPEX-Degen on G20 and G28. This shows that making more effort
to finding a larger initial k-plex benefits kPEX by narrowing down
the search space. Second, although kPEX may be slightly slower
than the two variants, the extra time consumption is small and
can be ignored compared to the total running time. For example,
kPEX is 0.15 seconds slower than kPEX-Degen on G11 due to the
extra computation, while the total running time of kPEX is 4.02




Table 4: Peak memory usage (MB) of kPEX and state-of-the-
arts on 30 graphs with k =5

ID | kPEX (ours) KPLEX  kPlexT  kPlexS DiseMKP
G1 4.05 4.37 3.92 3.95 309.02
G2 4.08 3.96 3.90 4.18 309.03
G3 4.45 4.25 3.86 4.38 308.76
G4 4.41 4.53 4.41 4.35 308.75
G5 4.97 10.10 4.26 5.26 309.14
G6 4.95 4.61 4.20 5.02 309.01
G7 5.01 4.62 4.25 4.88 309.11
G8 4.60 41.90 4.26 4.62 309.14
G9 5.07 39.50 4.23 4.99 309.27
G10 5.72 27.31 4.61 6.27 309.68
G11 8.41 171.76 11.37 13.45 317.16
G12 22.70 45.81 28.28 45.74 345.92
G13 27.78 460.00 35.45 54.79 353.96
G14 32.70 415.21 52.61 58.65 360.40
G15 41.18 415.13 50.96 77.96 376.38
G16 38.81 116.17 46.17 79.57 374.84
G17 33.26 142.67 35.39 62.44 363.25
G18 19.48 43.94 19.90 22.15 332.86
G19 49.07 66.39 49.93 341.85 374.57
G20 207.84 667.92 410.23 498.40 703.68
G21 58.50 270.51 49.22 51.53 368.32
G22 317.62 582.74 332.85 571.60 872.73
G23 359.59 739.18 395.00 699.88 889.48
G24 108.00 493.18 94.93 98.12 427.63
G25 352.41 568.52 363.24 492.09 890.86
G26 758.79 834.56 755.30 762.48 1555.66
G27 363.19 599.40 372.87 586.65 917.98
G28 1836.75 | 3891.50 2312.38  15724.75 3523.29
G29 1455.82 | 1430.20 1336.76 1430.23 2049.30
G30 4434.79 | 6572.04 4755.56 6115.37 6827.20

seconds, which means that the extra time consumption is negligi-
ble. Third, the performance of kPEX-EGo and kPEX-Degen is better
than kPEX-SeqRB on G1-G10. This means that the variant of kPEX
without ALtRB is slower than the variant without KPHeuris. This
indicates that A1tRB provides a greater performance boost than
heuristic techniques on those graphs where branch-reduction-and-
bound stage dominates the running time.

Effectiveness of KPHeuris and CF-CTCP. We also compare the to-
tal pre-processing time and the size of the k-plex (i.e., [b) obtained by
different heuristic methods in kPEX, kP1lexT, kPlexS, and DiseMKP
(note that KPLEX uses the same pre-processing method as kP1exS).
The results are reported in Table 6. Note that we exclude the re-
sults on synthetic graphs G1-G10 since they have only hundreds
of vertices and can be handled within 1 second by all methods. We
have the following observations. First, kPEX consistently obtains
the largest Ib (or matches the largest obtained by others) while the
pre-processing time remains comparable to other algorithms. Sec-
ond, KPHeuris outperforms the other pre-processing algorithms by
obtaining a lager k-plex while costing much less time on G20 and
G28. This also verifies the effectiveness of CF-CTCP and KPHeuris.
Effectiveness of partition methods. We evaluate the effective-

ness of our method Partition (Algortihm 3) by comparing kPEX
with its variants. In specific, dp is the degree-based partition which
sorts the vertices in S (resp. C) based on their degrees and par-
titions S (resp. C) into two subsets with the same size; and rp is
the random partition which randomly partitions S (resp. C) into
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Table 5: Running time in seconds of kPEX and its variants on
30 graphs with k =5

ID kPEX kPEX-SeqRB  kPEX-CTCP  kPEX-EGo kPEX-Degen
G1 4.02 18.66 3.89 391 3.92
G2 | 1324.85 O0T 1364.70 1371.95 1365.94
G3 | 1485.70 Oo0T 1525.00 1539.98 1538.84
G4 297.49 3220.90 305.95 307.76 307.69
G5 0.14 0.11 0.10 0.10 0.09
G6 24.11 557.07 24.63 33.37 57.68
G7 421.54 O0T 434.65 528.89 674.42
G8 2.17 18.54 2.22 2.19 2.20
G9 2.75 20.47 2.81 4.21 4.18
G10 186.24 3472.65 191.72 202.50 202.49
Gl11 4.02 23.51 4.63 4.19 3.87
G12 0.49 0.39 2.24 0.88 0.71
G13 53.98 555.36 59.38 97.39 103.23
G14 | 901.50 Oo0T 936.52 1113.52 1197.87
G15 20.89 128.27 35.76 29.85 24.84
G16 1.81 2.19 5.84 2.35 2.18
G17 1.63 8.49 8.27 3.88 1.90
G18 0.86 6.76 1.34 0.90 0.66
G19 0.82 0.66 17.41 8.36 93.70
G20 4.32 4.46 222.02 150.66 260.41
G21 3.00 8.03 3.55 3.68 3.32
G22 2.43 2.26 16.82 8.28 2.40
G23 12.89 12.62 1618.38 461.19 117.33
G24 5.56 15.80 6.97 9.83 9.03
G25 3.63 3.56 66.56 22.87 3.69
G26 4.87 4.77 4.64 5.61 4.54
G27 2.43 2.48 24.83 11.07 2.63
G28 132.41 139.96 O0T Oo0T O0T
G29 6.01 17.57 5.99 11.18 10.85
G30 | 589.81 O0T 1628.00 2094.29 2020.66

Table 6: Pre-processing time in seconds on 20 graphs with
k=5 (Ib denotes the size of the computed heuristic k-plex)

D kPEX kPlexT kPlexS DiseMKP
time b time b time b time b
G11 0.55 51 0.38 50 0.37 50 0.70 49
G12 0.49 73 0.66 69 1.44 34 1.82 34
G13 4.37 39 1.70 37 2.21 36 3.97 35
G14 9.18 70 4.72 67 2.71 64 6.40 66
G15 3.30 49 1.98 48 4.09 48 10.86 47
G16 1.44 27 0.85 26 1.38 14 3.79 14
G17 0.66 39 0.74 37 1.79 37 5.51 37
G18 0.18 87 0.43 87 0.33 87 0.65 87
G19 0.81 44 2.09 42 0.98 37 9.67 37
G20 3.44 21 31.30 19 27.54 10 112.59 10
G21 0.82 44 0.45 43 0.51 43 0.79 42
G22 2.42 34 3.09 32 13.84 26 14.51 27
G23 12.89 11 4.84 11 9.05 10 1602.40 10
G24 1.38 44 0.62 41 1.08 41 1.59 41
G25 2.98 77 6.41 76 25.24 76 47.80 77
G26 3.03 881 2.98 881 3.81 881 3.78 880
G27 243 37 4.40 35 16.69 32 20.23 33
G28 | 96.92 17 685.11 15 1205.12 12 O0T -
G29 2.76 296 2.83 292 2.76 292 8.86 292
G30 | 94.28 65 107.72 62 179.92 17 1213.23 16

two subsets. The running time on 30 representative graphs when
k = 5 are reported in Table 7. We find that kPEX with Partition
outperforms others by achieving at least 10x speedup on 11 out
of 30 graphs. This is also consistent with the theoretical analysis



Table 7: Running time in seconds of variants of kPEX using
different partition methods on 30 representative graphs

D kPEX dp rp D kPEX dp rp
G1 4.02 48.55 53.39 G16 1.81 3.48 3.59
G2 1324.85 00T 00T G17 1.63 20.45 22.45
G3 1485.70 00T 00T G18 0.86 11.41 13.58
G4 297.49 Oo0T 00T G19 0.82 0.81 0.81
G5 0.14 0.16 0.16 G20 4.32 4.75 4.95
G6 24.11 2077.73  2380.12 | G21 3.00 21.69 23.38
G7 421.54 O0T 00T G22 243 2.34 2.31
G8 2.17 65.11 71.29 G23 12.89 13.00 12.50
G9 2.75 71.87 78.53 G24 5.56 43.72 47.92
G10 186.24 Oo0T 00T G25 3.63 3.69 3.62
G11 4.02 62.93 68.75 G26 4.87 4.96 4.73
G12 0.49 0.49 0.50 G27 243 2.54 2.52
G13 53.98 1916.44 215519 | G28 132.41 131.37 132.43
G14 901.50 00T 00T G29 6.01 24.13 25.64
G15 20.89 371.52 415.26 G30 | 589.81 00T O0T

given in Equation (9) that A1tRB with Partition further narrows
down the search space in theory.

7 RELATED WORK

Maximum k-plex search. The maximum k-plex search problem

has garnered significant attention in social network analysis [42, 43]
since the concept of k-plex was first proposed in [48]. Balasundaram
et al. [3] showed the NP-hardness of the problem with any fixed
k. Consequently, the major algorithmic design paradigm for exact
solution is based on the branch-reduction-and-bound (BRB) frame-
work [11, 12, 27, 35, 36, 53, 56, 63]. In particular, Xiao et al. [56]
proposed a new branching strategy. Later, Wang et al. [53] designed
KPLEX which is parameterized by the degeneracy gap (bounded
empirically by O(log n)). Very recently, Chang and Yao [12] pro-
posed kPlexT with newly proposed branching and reduction tech-
niques. Additionally, several reduction and bounding techniques
have been designed in the BRB framework to boost the practical
performance. Gao et al. [27] developed reduction methods and a
dynamic vertex selection strategy. Later, Zhou et al. [63] proposed
a stronger reduction method and designed a coloring-based bound-
ing method. Jiang et al. [36] designed a partition-based bounding
method, and later in [35], their algorithm DiseMKP is equipped
with a better upper bound. Chang et al. [11] designed an efficient
algorithm kPlexS with a novel reduction method CTCP and a heuris-
tic method. We note that the algorithms designed by Xiao et al. [56]
and Chang and Yao [12] also work for the case when there is no
requirement for the found k-plex to be of size at least 2k — 1. We
remark that existing works mainly focus on the BRB framework
that conducts the reduction and the bounding sequentially, and
our solution kPEX firstly adopts a new BRB framework that alter-
natively and iteratively conducts the reduction and the bounding.
Besides, we note that quite a few algorithms are proposed towards
achieving better worst-case time complexity. In specific, the time
complexity has been improved from O*(2"), to O* (ﬂZ) [56], to
O*((k+1)%*%~15"1) [53] and O*(y]‘z) [12], where O* suppresses the
polynomial factors and y; < fr < 2. Among them, KPLEX [53]
and kP1lexT [12] achieve the best. We note that (1) previous SOTA
algorithms are all BRB methods and the improvements of time
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complexity come from different branching strategies, which are
orthogonal to our techniques; and (2) the practical performance
mainly depends on the later. Hence, by adopting the branching
strategies in KPLEX and kPlexT, our kPEX can achieve the same
complexity of O*((k + 1)%*k~15"l) and O* (y]‘j), respectively. We
also conduct experiments for various branching strategies and find
that our kPEX with different branching strategies achieve compara-
ble performance (details can be found in the technical report [29]).
Maximal k-plex enumeration. A related problem is maximal k-

plex enumeration, which aims to list all maximal k-plexes in the
input graph. Here, a k-plex is maximal if it cannot be contained in
other k-plexes. Efficient algorithms are proposed for enumerating
maximal k-plexes, including Bron-Kerbosch-based algorithms [17,
19, 22, 52, 54, 55] and reverse-search-based algorithms [6]. We note
that existing algorithms for enumerating maximal k-plexes can be
used to solve our studied problem by listing all maximal k-plexes
and then returning the largest one among them (note that the
maximum k-plex is the maximal k-plex with largest number of
vertices). However, the resulting solutions are not efficient due to
the limited pruning and bounding techniques, as verified in [12].
Other cohesive subgraph models. k-plexes reduce to cliques when

k = 1. There exist numerous studies focusing on the maximum
clique search and maximal clique enumeration problems [7, 8, 18,
24, 44, 45, 49, 50]. Further, the concept of k-plex is also explored
in other kinds of graphs, e.g., bipartite graphs [13, 23, 40, 59, 60],
directed graphs [30], temporal graphs [5], uncertain graphs [20],
and so on. Besides k-plex, various cohesive subgraph models have
been studied, including k-core [4, 15], k-truss [16, 33, 51], y-quasi-
clique [37, 46, 58, 61], k-defective clique [9, 14, 21, 28], densest sub-
graph [41, 57], and so on. For an overview on cohesive subgraph
search, we refer to excellent books and surveys [10, 25, 26, 34, 39].

8 CONCLUSION

In this paper, we studied the maximum k-plex problem. We pro-
posed a new branch-reduction-and-bound method, called kPEX,
which includes a new alternated reduction-and-bound process
A1tRB. We also designed efficient pre-processing techniques for
boosting the practical performance, which includes KPHeuris for
computing a large initial heuristic k-plex and CF-CTCP for efficiently
removing unpromising vertices and edges in the graph. Extensive
experiments on 664 graphs verified kPEX’s superiority over exist-
ing state-of-the-art algorithms. In the future, we will explore the
possibility of adapting kPEX to mining other cohesive subgraphs.
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